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CHAPTER 2: Analytic Functions

EXERCISES 2.1: Functions of a Complex Variable
1. a w=(32*—3y*+5z+1)+i(6zy +5y+1)

z . y
b. w—xz-{-y?-“( z’+y3)

1 z +i -y+1
s
222 - 242 +3 . 4zy

Y ey e R ey

e. w = e3*cos3y + 1€3*sin 3y

f. w=(e®+e*)cosy +i(e* — e~*)siny
= 2coshzcosy +i2sinh zsiny
2. aC
b. C\ {0}
c. C\ {s,—}
d. C\ {1}
e. C
f C
3. a Rew>5
b. Imw>0
c jwl21
d. The intersection of |w] < 2 and —x < Argw < x/2
4. a. Taking 0 from 0 to 2, the points z = re¥ traveise the circle
|z] = r exactly once in the oounteltclockwxse direction. For the
same values of 8 the points w = o ;—e“" traverse the circle
jw] = ;1_- exactly once in the clockwise direction, hence the mapping
is onto.
. 1 1 i
b. For z = re'® on the ray Argz = by, w = — = —€¢ ~ I1son

‘ e T .
the'ray Argw = —0,. Taking values 0 < r < 00 shows that this
mapping goes onto the ray Argw = —bo.
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4 (©) Iz-11=1 2020 = 7 = 14 i Fz) = 1/z. = 1/(1+ ¢

=(1+ ™) /{2(1+cos6) } =Y -i(¥3)sin6/(1+cosh)
which is a vertical line at x = 15,

5. a. domain: C

range: C\ {0}
b A= =S =

e
c. circle |w| = e
d. ray Argw =7/4
e. infinite sector 0 < Argw < 7 /4

6. a. J(§)=%(§+l_}z-) =%(z+%> = J(2)

b. For z = € on the unit circle |2| = 1, J(2) = 3 (e’o + ;%) = cosf.
For all values of §, this ranges over the real interval [-1,1]."

. , 1/ ., 1
c. 117‘0r z =1 re’ on t}ie c1rcle1 lz| = r, J(2) = 3 (re‘9+r—ei;) =
3 (r + ;) cosf + z§ (r - ;) sinf. Setting v and v equal to the

real and imaginary parts of this expression, respectively, one gets
a pair of parametric equations that are equivalent to the ellipse
2

2
u

+ = 1, which has foci at +1.
e+ DP G- DP

-2 -1 1 2







-6 -4 -2 i 2 4 6

0.2 0.4
10.  a. translate by ¢, rotate =/4 b. reduce by 1/2, rotate /4
-0.75-0.5 ~0.25 0.25 0.5 0.75
0.25¢
-3.5 -2 =)5 -1 <-0.5 0.5 -0.5]
\/ -0.5

c. translate by 7, reduce by 1/2  d. reduce by 1/2, rotate = /4,
translate by ¢

-1 0.5 0.5 1 0.5

=1 -0.75-0.5-0.25 0.25 0.5 0.75

ol



11. a. translate by -3, b.magnify by 2,
rotate —x /2 rotate —x /2

c. translate by -3, | d. magnify by 2, rotate —x/2,
magnify by 2 translate by —3

12. Let a = pei#, F(z) = pz, G(z) = €z, and H(z) = z+b. Then
H(G(F(2))) = az +b.

13. (@) w=u+iv=z’=(1+iy)’=1-y+i2y
u=1y,v=2y=y=v2=>u=1- v2/4 a parabola in the w-plane.
(b) w=u+ iv=z% = (x + iy)2 =(x+ ix)? =x% - 1/x* + 2i
u=x’-1/x%v=2a straight line in the w-plane. o
() w=u+iv=z’= (1+ eH?=(1+ Ze‘e +e2®) = (e®+2+e%e
= (2 + 2c0s0)e®® = 2(1 + cosB)e™® a cardioid in the w-plane.
14. (a) x, = 2x/(1zP + 1), xp = 2y/(1zi® + 1), x3 = (12 - 1) /(12 + 1)
w = €%z = xcos@-ysin@ + i(xsin@-+ycos®), wl = Izl
X; = (xcosc|)-ysin(p)/(lz|2 +1),x0= (xsin(p+ycosq>)/(lzl2 +1),X3=X3

X1 = (X1COSQ-X281nQ), X2 = (X1SINQ+X2C089), X3 = X3 which corresponds
to a rotation of an angle @ about the x3 axis.
(®) w=-1/z. Iwl=1lzl. w=-1/(x+y) = -x/lzl + iy/lzl
X1 = -X1, X2 = X2, X3 = -X3 S0 that (X1, X, X3) is obtained from
(X1, X2, X3) by a 180° rotation about the x; axis.
15,  w=(+2)/1 -2) = (14x +iy)/(1 = x - iy) = (1-lzP% + i2y)/(1- 2x + Iz
wP = (1 + 2x + IzB)/(1- 2x + 1zP). ‘
(X1, X2, X3) = (-X3, X2, X1) so that (X;, X2, X3) is obtained by a 90°
counterclockwise rotation about the x; axis.
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16. w=(-iz2)/( +iz) = (1-ix + Y1 +ix - y) = (1-z + i2x)/(1- 2y + Iz
Iwl? = (1 + 2y + 1z®)/(1- 2y + 1zP).
(X1, X2, X3) = (-X3, -X1, X2) S0 that (X, X2, X3) is obtained as a 90°
counterclockwise rotation about the x; axis followed by a 90°
counterclockwise rotation about the xsaxis.

17.  Anycircle or line in the z-plane corresponds to a line or circle on the
stenographic projection onto he Riemann sphere. The function w=1/z
rotates the Riemann sphere 180° about the x, axis. Lines and circles on
the rotated sphere project to lines and circles in the w-plane. As a result
lines and circles in the z-plane map to lines and circles in the w-plane.

- EXERCISES 2.2: Limits and Continuity

1. The first five terms are, respectively, —;—, —%, —%, 1—16-, and -Z— The
sequence converges to 0 in a spiral-like fashion. 32

o o o -] =
. . N .
o’

=

-’.55 =0.2 -0.15 ~0.1 ~0.05 Wé’

-0.

2. l2)2 , —4, —81, 16, 32¢; divergent because terms grow in modulus without
ound.




3. If limp—. Z, = Zo, then for any >0, there is an integer N such that
Iz, - Zol<e for all n>N. For the same integer N we have
IXp - Xol<=lz, - zol<€ and lyy, - yol<=lz, - zol<€ for all n>N. Therefore,
limp—e Xn = X0 and liMp—see Yn = Yo.

If limp .0 Xp = Xo and limy—e Yo = Yo, then for any €; >0 and €, >0 there are
integers N; and N; such
IXn - Xol<€; for all n > N, and lyj, - yol<g; for all n > N,. Given any € > 0;
lete; =¢/2 and &5 = €/2. Then
|z, - Zol<=€ IXp - Xol + lyn - Yol < € + €; = € for all n > maximum(N,, N,).
Thus limy—ye. Zn = Zo.

4.  If zp = Xp + iyn = Zo = Xo + iyo, then x, = X¢ and y, — yp (see Problem 3).

Zn = Xp - iyn = Xo - 1Yo = Zo.

If Zn = Xp - 1yn = 20 = Xo - iyo, then X, = X¢ and y, = yy (see Problem 3)..
Zy = Xp + 1Ya = Xo + iyo = 2o. Thus z, — z, if and only if z, — zo.

T lim |z,| = 0 = There exists an integer N such that
llzal = 0] = |24| < € whenever n > N. =3 |z, — 0| < ¢ whenever
n > N. = lim, .o 2, = 0, and conversely.

&£ 2 — 0 as n — oo by problem 3, since the real-valued sequence
|23] — 0 as n — co. On the other hand, if |zo] > 1, then |28] — oo as
n — oo so 2§ diverges.
77 a. converges to 0
b. does not converge
c. converges to x
d. converges to 2+
e. converges to 0
f. does not converge

8. Given € > 0, choose § = £/6. Then whenever
0<|z—(1+7%)| <6,

6z — 4 —(2+6i)] = 6]z — (1 +14)] < 6(c/6) = ¢
q, Given & > 0, choose § = —
that |z| > 1 -6 and

- Whenever 0 < |z — (—1)] < § notice

- I:-“z- (< (=) 8=¢

%f'"=|(":' (i+2)

A=



i,

12

13,

14

15

#0. Given that f and g are continuous at z,,
Jim f(z) £ 9(2) = lim f(2) 2 Jim 9(2) = f(20) £ 9(c0)

=> f(z) £ g(2) is continuous at z,.
lim f(z)g(2) = lim f(2) lim ¢(2) = f(20)9(20)

= f(2)g(z) is continuous at z,.

) Mm@ )

1 = = = , ded 0
BB ) = Tm et (e’ POV 7
= ﬁz_z is continuous at z.
9(2)

-8

7.

—=1

2
62

~1/2
220

£ 4/2

» Clearly Arg z is discontinuous at z = 0. Let a > 0 be any real number
and consider the sequence

o @

2 o

e

z, =—a—t/n n=1,2,..., which converges to — a.

For each n, —7 < Argz, < —7/2, but Arg(—a) = 7.
zlgg f(z) exists for all z # —1; f is continuous for all z # 0,—1; f has
a removable discontinuity at z = 0.

Let 2z be any complex number. Given € > 0 choose 6§ = €. Then
whenever |z — 2| < 6,

l9(2) — 9(20)| = |2 —Zo| = [z = 20| = |2 — 20| <&

. Given € > 0 choose § so that |f(z) — f(20)| < € whenever |z — 2| < 6.
Then, whenever |z — 24| < é:
a. |f(2) = f(20)| = |£(2) — f(20)| = |F(2) — f(20)| <€
b. |Re f(z) — Re f(20)| = |Re (f(2) — f(20))| < |f(2) — f(=0)| <€
c. |Im f(2) — Im f(20)| = |Im (f(2) — f(20))| < |f(2) — f(20)| < €
d. [|f(z)] = |f(20)ll < 1f(2) — f(2)l <€
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16 Given £ > 0, choose & > 0 such that |f(g(2)) — f(9(20))| < € whenever
. |g(2)-— 9(20)}- < bo. Now choose § > 0 such that |g(z) — 9(20)| < &

whenever |z — z| < 6. Then |f(g(z)) — f(9(20))| < € whenever
|z — 20| < &; hence f(g(z)) is continuous at z. ‘

13. No: Observethatalthough%—rﬂand%—»Oasn—too,

18-

f(-::) 142 andf(-::) —+ 2i; thus lim f(z) does not exist.

I lim,,;5ftz) =wg; thengiven £>0 there exists 8>0 such that-

If(z)-wol<e for all Iz-zol<d. Notice that

If(2)-wol = If(z)-wol = If(z)-wol<efor all Iz-zol<d. So that lim,—,of(z) =wo.
limy—sx0,y—0 HW(X,y) = lim;—z0 ((f(z)+£(2))/2) = (Wo+wo)/2 = Wo.
1imy—sxo,y—s0 V(X,Y) = liMyoz0 (f(2)-£(2))/21) = (Wo-W0)/2i = Vo.

Thus, liMx—xey—o H(X,Y) = Mo and liMx—xe,y—0 V(X,Y) = Vo.

Conversely, if limy—xo,y—so I(X,Y) = Ko and limy—xo,y—s0 V(X,y) = Vo, then
(by Theorem 1.) Ho + ivo =limy—x0,y—0 H(X,Y) + iliMx—x0,y0 V(x,y) =
1im,—s20 ((£(z)+£(2))/2) + im0 ((f(2)-f(2))/2) = lim,—20 f(2) = Wo.

Also Yo - iV = limx—xo0y—0 H(X,Y) - ilimyosxo,y—s0 V(X,Y) = lim; 2
((F(z)+(2))/2) - lim—s0 ((f(2)-£(2))/2) = lim;—55, £(2) = Wo.

Thus, lim,—,f(z) =wo.

- .z - 1

e ,_lu__.,._ . B
|9.—§—2,smcehm = —— and linlxzy='-1.'
—

L4y 2

2.0, For any 2 in the complex plane,

2.

lim & = Jim ¢"cosy +i Jim e*siny = €™ cos o + ie™ sinyo = ™.
r~m 990

a. 1

b. 0 ]
c. —m/2+1 !
d. 1

2. By contradiction: Suppose ,Il.r% f(2) # wo. Then there is an ¢ > 0

for which there exists a sequence {z,} such that |z, — z| < 1 but

| f(2n) — wo| > €. For this sequence, nILngO 2, = 2o but nl_lr'go F(2n) # wo,

" contrary to hypothesis.
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23. If z, — oo, then for any M>0 there exist an integer N such Iz,| >M for al
n > N. Consider the chordal distance ¥ (zn,%°) = 2/\/(|an2 + 1)< 21z )
=2/lzl< 2/M < eforalln>N. Thusz,—> e asn — oo is equivalent to
X(Zn,20) = 0 as n — eo.

24. If lim,—,;f(z) =00, then for any M>O0 there exis d > 0 such that If(z)l >M for
all Iz-zol < 6. Consider x(f(z),%0) = 2N(If()* + 1) < 2N(f(2) ) = 2/if(2)] <
2/M < ¢ for all 1z-zgl < 8. Thus lim,_,,,f(z) =eo, is equivalent to
lim,,.x(f(z),00) = 0.

25. (@) o (b) 3 (€) o (d) o (f) the limit

does not exist.

EXERCISES 2.3: Analyticity

1. Let Az = z — 29 so that Az — 0 <= z — 25. Then

lim f(z0+ Az) — f(20)
Az

Az—0

=L
given ¢ > 0, there is a é > 0 such that

f(z20+ Az) - f(2)

x, - L’ < € whenever|Az — 0] < § <

f(z) = f(20) - I

Z—2p

< ewhenever|z — 2| < § <=

lm f_(fl—_f(zﬂ = L.

Z=—20 Zz — ZO

2. If Az) = &zz)_sz(zQ - f'(20), then A(z) — 0 as z — zy and
f(20) + f'(20)(z — 20) + A(2)(z — 20) = f(2). |

3. lim f(2) = im [f(z0) + f'(20)(2 = 20) + A(2)(z — 20)]
= f(20) + 040 = f(2).

2-=10



. Re(z+Az)—Re(z)__ . Re(Az) (1, fAz=Az

. a AI}IBO Az - Alil-]}o Az )0, fAz= iAy
. Im(z+ Az) — Im(z) - hm m(Az) (0, fAz=Az
b. AI:IBO Az - A]'E.lo Az T | —i, fAz= Ay

c. Casel, z =0.

tim 0820 _ \/(AZ)’+(Ay)’={ £1, ifAz= Az

Az—0 Az A0 Az 4 iAy -, ifAz= +iAy
Case 2, z £ 0.
lz+ Az[ ||
AI:IBO Az
= i YET R T A Ay - v
Y= Az +iAy

= bm (#+Az)* + (y + Ay)? — (22 +42)
A0 (Ag 4 ing)( (z+Az2)* + (y + Ay) + 2T 5 57)
= Iim 224z + (Az)? + 2yAy + (Ay)?
ATz idy) (it Ae f (s 1 Ay + V2T 1)

{\/-5,_'__2. fAz=Az,z+#0
1\/?-1-—312 fAz=1Ay, 240

im L E9) (20 + Az) - (f + g)(z)
Az—0 Az

5. Rule 5: (f  g)'(zo) =

Az—0 Az Az

= f(20) £ ¢'(20)

fg(zo + Az) — fg(z)
Az

= bm [f(zo+Az) f(z0) | 9(z0+A2) — g(zo)]

Rule 7: (fg)(z0) =

_ 1



o f(zo+ Az)g(z0 + Az) — f(20 + Az)g(20)
= A% Az

f(20 + Az)g(z0) — f(20)9(z0)
+ Az }

) 1920 + A2) — g(0)]

= Alir—r»lo {f(zo +4z Az

+ oteg L 8) = e}

Az

= f(20)g'(20) + 9(20) f'(20)

6. Let n > 0 be an integer.
1

d ., _d(1\ —nz" . e
Then e (z") =~ (using Rule 8) = —nz .
7. a. 1822+ 16z+:

b. —12z(22 — 33)~7

—iz* + (2 + 271)2% + 272 + 18
< (123 4+ 2z 4 7)2
q —(242)*(522 + (16 + 1)z — 3 + 8i)

(22 +iz+1)°
e. 24i(2° — 1)3(2? +iz)*°(532* + 28i2° — 50z — 251)

8. Let 2 = z5+ Az. Then

. — . Az) — ,
s P Tl | S 289 2 )|

zZ—+20 z2—2zg

arg [lim f(z0+ Az) — f(zo)]

Az—0 Az

lim arg[f(z) — f(z0)] —arg(z —20) = lim arg [f(z) - f(ZO)]

Z—2p

= arg[f'(zo)]
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9. a.2-3:

b. +:
—1+:i/15
c.
2
o Lo
10. lim ‘Zo + AZP — '%lz
* Az—0 Az

tim (ot A2)(%0 + Az) — 2%,
Az—0 Az

. Az Zo+2z ifAz=Az
= Ali%(7°+z;z°+rz)={'zﬁ—% if Az = iAy

If 2o = 0, then the difference quotient is
Aim (040 +Az) =0.

11.  a. nowhere analytic
b. nowhere analytic
c. analytic except at z = 5
d. everywhere analytic
e. nowhere analytic
f. analytic except at z =0
g. nowhere analytic
h. nowhere analytic
12. The case when n = 1 is trivial. Assume that the result holds for all
Positive integers less than or equal to n and define

Q@(2) = P(2)(z— 2,41). Since Q'(z) = P'(2)(2— zn41) + P(2), it follows
that

Q) Pz 1 1 1 1
Q(z)_P(z)+z-z,,§1‘z—zl+z—zg+ +z—z,.+1
> -1




13.

14.

15.

16.

17.

a, b, d, f, and g are always true
f) _ o f(2) = f(20)]/(2 = 20) _ f'(20)

90 T ) @/ —w) ~ 9(z0)

3

5

Any pomt on the line through 2; and 2, has the form

2= —= + z\/_ - — ) t real (see Section 1.3, Exercise 18). However,

f(zz) f(z) = 0 but f'(w) = 3w?® # 0 on the line in question.

F'(z0) = f(20)(gh)'(20) + f'(20)gh(20)
= f(20)[9(20)'(20) + ¢'(20)1(20)] + f'(20)g(20)R(20)
= f'(20)9(20)h(20) + f(20)g'(20)h(20) + f(20)g(20)R’(20)

EXERCISES 2.4: The Cauchy-Riemann Equations

2.

Ou
a. EI:—:l#a—y:—l
ou
b ax_l#ay
C. au 2#——:1
Ou v ou Ov Ou Ov
a——3:c +3y% — 3_8_’ but By_ny—_.%' Thereforea—y=—-a—x

only when z = Q or y = 0 This means A is differentiable on the axes
but A is nowhere analytic since lines are not open sets in the complex
plane.

Ou ov 3u

5 - ti=g0 5

exist and are contmuous for all z and y, g is analytic. g can be written
as g(z) =322+ 2z — 1.

Ov
—by = ~ % Since these partial derivatives
z
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However, when Az — 0 through real values (Az = Az)

i J0+42) = £0) _
Az—0 Az

while along the real line y = z (Az = Az + tAz)

/ 13 44, 5/3 4/3
i f(0+Az) -—f(O) SM‘—)—.(_)%.?E%_’L_(&

A, Az Az, Az(l+3)
1
5-

Therefore f is not differentiable at z = 0.

5. 2% _ 26+"(z con(20y) — y sin(2y)] =

Oz
gyﬁ = —2¢" [y cos(2zy) + zsin(2zy)] = —%

[ is entire because these first partials exist and are continuous for all
T and y.

Q@

@) =i = 269 (a 4 iy)foon(2ey) + isin(2ey)]
= 2@ —¥)ei2ey(g 4 iy)
= 2ze*
(This derivative could have been obtained directly, since f(z) = *.)

6. 2=re’ =>z=rcosf and y = rsinf and

£(z) = w(z(r, 6), y(r,0)) + iv(a(r,0), y(r, 6))

Ou _Oudz Budy Ou A .
o T e T



10.

11.

Similar applications of the chain rule yield

Ou Ou . Ou

0 = 5o "o O+ pyresd
v Ov ov

5 = -a—xcos¢9+ a—ysm9

v Qv . Ov

30 = 55 (~Tsind) + 3" cos ¢

Replace the partial derivatives on the right sides of the equations for

0 0 . . .
& and =2 by their Cauchy-Riemann counterparts to obtain:

or or

ou Ov ov . 10v
E=5§C080_-3_55m9=;%
Ov Ou ou . 10u
5;=—a—y0080+%81n0=—;5§

Let h(z) = f(z) — g(z). Then  is analytic in D and K'(z)=0so0o his
a constant function.

h(z) =c= f(2) — g(z) = f(2) = g(2) + ¢
Ou @ _ Ov

u(z,y) =0cin l;: 32 = 0 and 3 0= ~ 5 Hence
gy o OU Ov . :
fl(z) = 32 + rm 0 so f is constant in D.
By contradiction. If f is analytic in a domain D then v(z,y) =0

(a constant) = f is constant (by condition 8) = u is constant.
(However, there is no open set in which u(z,y) = |2® — z| is constant).

Imf(z)=0inD=>@=@=0=>-a—u=0
: 5 5 Oz Oy Oz
=$f'(2)=-a-$+i-a—z-=0=>fis constant in D.

Re f(z) = %[f(z) + f(z)] is real valued and analytic if both f and F

are analytic. Hence Re f(z) is constant by Exercise 10. It follows that
f(2) is constant by Exercise 8.

9 -1b



12. |f(z)| constant in D = |f(2)|* = u® + v? is constant in D. f u = 0
or v =0in D, then f is constant by Exercises 8 and 10. Otherwise,

a|f? _ Ou 6v_

a—zz = gt =0

aff _ , 0u_ , dv dv , du

5 = 2ua +2va Zua +2va =0

1 AP 1L AP _ 4. 28w
-2-u—-—0—(u +v)3z

= 3%z 3y
NN

) oz Oy 9oy
= £l =5 +ige =0

== f is constant in D.

13. |f(2)| is analytic and real-valued, so the result follows from Exercises
10 and 12.

14. If the line is vertical then Re f(z) is constant and this reduces to Prob-
lem 8. If the line is not vertical, then v(z,y) = mu(z,y) + b, and

av 8u 6’0
Moz 6y :
R
ay--may-.—ma:l:_---may.
It follows that
ov ou Ov Ou , __6u v
-a—y=0=5=$=%a.ndf(z)—-é—z-+ta = 0.
Hence f(z) is constant.
Oudv Oudv
15. J(=zo, ———-—-—
(30 yO) z ay ay az (2030

= [—(:Bo,yo)J + [gv (o, yo)r

=|f'(z)]* (using Equation (1))
2-177



3f of Oz afay

16 2 3¢ 8x6§+6 %
Bu Bv Ou v 1 .
% o 2+ +—)'27
Ou Ov ov
—(5;+a—y) (&)
af 3f3x+6f8y
8~ 8z oy 6‘y8
_ Ou .Ov
- (73)5 (5 5) &)
1 (0u ov Ou
5('55"63/)* (ay ax)
af 1(0u Ov 1/0u Ov
b 5;—0@0—-2-(5;—5;)& d0—§(5§+5-;>

EXERCISES 2.5: Harmonic Functions

2 2,
1. a u(z,y)=m2—y2+2x2+1, %%—f——gy—:ml_o
0 av=0

v

v(z,y) = 2zy + 2y, 5;5=0= 532
2 a2 2

z 6u_2x(:c 3y)__§_u==>Au=

b. = =
’U,(x) y) 332 + yz? axz (32 T y2)3 ay2
Yy Fv —2y(3z% — y?) &%v
== = — = Av =0
v(z,y) 72+ y?’ 9z (22 + y2)3 3y? v
2 6%y
c. u(z,y) = e® cos y, i €% cosy = _.5_2 — Au=0
T o3 62'0 T 62'0
v(z,y) =e"smy, 5:::—2 =e®siny = —531_2 = Av =

2. h(z,y) = az® + bzy — ay?
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3. a. u=Re(—iz), v=—z + a, where a is a constant
b. u = Re(—ie*), v=—e*cosy +a
c. u=Re(-_z—’zz—iz—z),v=—%(z2—y2)—-(z+y)+a
d. It is straightforward to verify that Au = 0.
du o)

F coszcoshy = —
= v(z,y) =/ooszcoshydy=cosa:sinhy+¢:(z)
Ou =sinzsinhy = —-g—: =sinzsinhy + ¢'(z) = ¢P(z) = a

Thus, v(z,y) = cos rsinhy + a.
e. It is straightforward to verify that Au = 0.
Ou z ov

9 T4y Oy
z a1 (Y
';(z,y)- p +y26d:—ta.n (z)-l-!b(z)
ou ¥y R ) -
ay-zz_‘_yz— az-zz_*_yz ¢(z)§¢(z) a

Thus, v(z,y) = tan™! %) +a.

f. u=Re (—ie‘z) Jo=—e" ¥ cos(2zy) + a.

4. Suppose v and w are both harmonic conjugates of u, and consider
$(z,y) = w(z,y)—v(z,y). Then (using the Cauchy-Riemann equations
for v and w),

o T e e— =

% v & 8u_( au)=0

8z~ 8z 9z oy Oy
and similarly -g% = 0. Hence ¢(z,y) = a, from which it follows that

w(z,y) = v(z,y) +a.

5. If f(2) = u(z,y) + iv(z, y) is analytic then —if(z) = v(z, y) —tu(z,y)
is analytic. Thus —u is a harmonic conjugate of v.
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6. Since f(z) = u+1v is analytic, = [f(z)] = (u v?) + tuw is analytic.
Thus uv = Im— [f(2)]%s harmomc

7. ¢(z,y) =z +1
8. a. Yes, because A(u+v) = Au+ Av = 0.

b. No. Take u = z,v = 22 — y? as an example.

c. Yes, because A(uy) = uzqzy + Uy = Ugzz + Uyyy

0 0
= a(Au) = a—x(O) = 0.

9. ¢(z,y) =zy —1 (thlS is Im (;z - z))

10. Let z =rcosf and y = rsiné.

% = %%-pgjgy ?f 0+§—jsm0
2 2 2
,% = gfgx 9+33;x%°°0
2 2
oy By 900+ gt end
= ;qfcos 0+aa2a¢ 251n0cos0+g—2f-sm 0

9¢ = a¢az+,@@=—(—rsin0)+—a£r0089

06 O0r 060 ~ Oy 06 Oy

02 0%¢ 0 0? 0
W = g 0”055% =rsind) + ZE(~rcos0)
0%¢ Oz 3%¢ Oy 94 :
+ 5205 96" 0)+a 280(rcos«9)+ —(—rsin )
_ 98
- 9z 6 8

+ _a;(._r cosf) + a—y(—rsm 6).



Combining these partial derivatives, one gets
¢ 104 108%¢ &9

8’¢_0
—_— — = 3
a2 "ror 1206 Oz

ayz—'.c

+
y__— 24 —y=y(z®+y*-1)=0.
11.Imf(z)=y—zz+y,—0=$yz +y’-y=y(="+y

i isfyi =0k the circle |z} = 1. The
The points satisfying z? + y* —'1 = 0 lie on .
pointl; (other than z = 0) satisfying y = 0 lie on the real axis.

= z™ = r™(cos 0 + i sin )" = r*(cos nf + isin nb) #{ . .
2 {’\‘f}(z)z= r:ct(asnO and Im f(z) = r"sinnd are harmonic since f is
analytic.

13. ¢(z,y) = Imz* = risindl = —4zy® + 423y

1
14. Let §(z,y) = In|f(2)] = 5 1n(u? +v%)

3u+v_3_v-
06 _opou 000 5

9z Ouldzr @ Ovoz u? + v?

) _ (B0)] _,0u00 gy
P (”2—“2)[(3;) —(5;)]_4“”833:4_"—1;'4'”—35

922 (u? + v2)? u? + v2

i . , : d
A similar calculation yields -a—y% By applying Laplace’s equation an

i dvt gzi + Qz—é the sum
the Cauchy-Riemann equations of u and v to 527 T oy

simplifies to reveal that A¢ = 0.
15. Consider ¢(z) = Re(Az" + Bz™)+ C which is harmonic for 1<IzI<2.
Consider the polar form forz. z = ;e’e and select n=3 to agree with the
cosine argument. @(re'®) = Ar’Re(e™®) + BrRe(e ™) + C.
o(re’®) = Ar’cos30 + Br3cos30 + C = (Ar'+Br>)cos30 + C.

r=1= (A+B)cos30 + C=0= A +B =0, C = 0.
r=2=> (A*8+B/8)cos30 = 5c0s30. A = 40/63, B = -40/63
@(re’®) = (40/63)(r° - r *)cos36 = (40/63) Re (z3-2°).

1 z P
18. #(z,y) = E_éh'z’ —1lor ¢(z,y) = Inl§-| are two possibilities.



17. a. ¢(z,y) =Re(z*+5z+1) =2 —y*+5z +1
: 2? 2z(z% + 4y + y?)
b- ¢(z,y) = 2Re <z+2i> T2 +y’ 4y +4

18. Let u = ¢, v= —¢,. Then
| Ou Ov

5;=¢za:=_¢’yy='6_y
Ou Ov
-a—:g =¢zy = —-é;

19.  cos’® = (¥)c0s20 + ¥z = ¢(z) = ARe(r e **)n + B = Ar°c0s26 + B. In
the limit as r—o0 @(z) = %2 = B =%. Onthecircle zl=l,r=1. > A=%.
P(z) = (Ya)r 2cos20 + Y2 = Re [1 122)] + V2 .

Ov Ou v Qu
20 gv _ou - [ .
2¢. In order that 3 ~ 92’ let v(z,y) /0 3 (z,m)dn + ¥(z). Then
v v 9%u ,
32 = ) g &mdn+¢(2)
= - [ 82_u( )dn +¢'(z) (because u is harmonic)
= b 35 z,n)dn T ec T

0 0 ,
= —55(93,3/) + a—j(m,m +9/(z).

In order that -3% = —%, it must be true that ¢'(z) = —Z—Z(z, 0).

Thus, 5
z Qu

=— [ — d

¥(@)= - [ 5.0 +a
and
v Ou z Qu
w(@y) = [ glemdn = [ 3(C00d +a.
21, It is easily verified that u = In|z| satisfies Laplace’s equation on

C\ {0} and that u+iv = In |z|+iArg(z) satisfies the Cauchy-Riemann
equations on the domain D = C\ {nonpositive real axis}, so that

Arg (z) is a harmonic conjugate of u on D. By Problem 4, any harmonic
conjugate of u has to be of the form Arg(z)+a in D. It is impossible to
have a harmonic conjugate of this form that is continuous on C \ {0}.

22 gi‘- = beaty + Pobye + Yesty + Yutye
= —¢w¢y + PPy — "/’n'l’y"‘ Yoty =

gl¥
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EXERCISES 2.6: Steady-State Temperature as a Harmonic Func-
tion. .

1. a b.
100° 100°

88388
88§88
S
|
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]
8

0°
0° 0°
c d.
20° 40° 60° 80° 50° 100° 50°
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| 40°
L 20°
0° 0°
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2. This does not violate the maximum principle.
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3. This does not violate the maximum principle.

100°
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Exercises 2.7

1. f(z) = z* + ¢ where c is a real constant.
Ci =1 +V(1-4c))2, &= (1 -V(1-4c))2
Only {, is an attractor for ~3/4 < ¢ < Y.

2. f(¢) =¢and f'(¢) > 1 Therefore we can pick a real number p between 1
and If’(¢) | such that If(z) - ¢l = plz-¢| for all z in a sufficiently small disk
around ¢. If any point z, in this disk is the seed for an orbit z; = f(zy), z> =
f(z1), ... Zn = f(zs.1), then we have lz,-¢l 2 plz,.i-¢l 2 ... 2 p"Izy-¢l.
Because p>1, the point z, moves away from ¢until the
magnitude of the derivative becomes 1 or less. The orbit is out of the disk.

3. (a) Fixed points are {; =i, {, = -i. Both are repellors.

(b) Fixed points are {; = 1/2, {; =-1/2, {3 =-1. Fixed points {; and {3
are repellors, but fixed point {, is an attractor.

4. zo = 2™ with o an irrational real number. z, = ¢2™™, Because lz,| = 1,
the trajectory will follow the unit circle. If iterations p and q coincide,
2m02P - 2mo2? = 2oy 2P - 29) = 2k for some integer k. But because (2° -
29) is an integer that can be represented by m, the equation 2wam=27k is
satisfied only if k=otm or o = k/m. Because o is irrational it cannot be
represented by a rational number and no iterations repeat.

5. Fixed points are {; =-1/2 + iv5/2 (an attractor) and {, =-1/2 - iV5/2 (a
repellor).

6. f(z) = z%. The seed is Zy. Z) = 202 L Za=20", ...z = zo™(2"). To have an n
cycle z, = zg = oN2"). Or z4/z0 = Ze*(2"-1) = 1 = ™", Solving gives
zo = eN(i2m/(2"-1)).

7. The cycle is 4. 2*(2m/p) = 2n mod p = 2* =1 mod p. p=3,5,15. 3 will
give repeated cycles of length 2. 5 and 15 will give the desired cycles of
length 4.

8. Student Matlab: n=100;c=.253; z0=0;y(1)=zo0;
for k=1:n-1,y(k+1)=y(k)*2+c;end
plot(y)

9. If lol < 1 the whole complex plane is the filled Julia set. If lal > 1 the
origin is the filled Julia set.

10.  f(2) = 2-F@)/F(2). f(§)={~FQF®) == FQ/FE) =0 =F({)=0
with the possible exception of the points where F'({) = 0.

f(z) = 1 - F(2)/F(z) + F@)F"(2)/(F(2))* = F2)F"(2)/(F(z))*
(&) = FQOF'(O/(F'(£))* = 0 where F'() #0 and every zero of F(z) is an
attractor as long as F'({) # 0.

i2rna2
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