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Problem 2.33

[Difficulty: 3]

2.33 A flowis described by velocity field V = axi + bf, where
a=1/5 57" and b=1 m/s. Coordinates are measured in
meters. Obtain the equation for the streamline passing
through point (1, 1). At =25 s, what are the coordinates of
the particle that initially (at ¢=0) passed through point
(1, 13" What are its coordinates at =10 57 Plot the
streamline and the initial, 5 5, and 10 5 positions of the par-
ticle. What conclusions can vou draw about the pathline,
streamline, and streakline for this fow?

Given: Velocity field

Find: Equation for streamline through point (1.1); coordinates of particleat t =5 sandt = 10 s that was at (1,1) att = 0;

compare pathline, streamline, streakline

Solution:
. N . v dy .
Governing equations: For streamlines - = d_ For pathlines
u X
Assumption: 2D flow
. 11 m
Given data a=—= bh=1— Xn = 1 =1
55 S 0 Y0
For streamlines v_ dy = L
u dx ax
. . a dx
So, separating variables —dy=—
b X
Integrating i(y - yO) =In L\
b Xoj

The solution is then Yy =Yo+ E-In(i\ = 5:In(x) + 1
a | x

0)

Hence for pathlines Un = ax =axX vV, = Yy
P~ gt P dt
d

Hence &> a-dt dy = b-dt
X

Integrating In x) = a~(t - to)

Xoj
. ()
The pathlines are X =Xqge

This sample only, Download all chaptersat: alibabadownload.com

y—yoz b'(t—to)

y=yg+ b-(t—to)

X))

b
or y=yg+ —In
a X0)
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Foraparticle thatwasat xg =1 m, yg=1 m atty=0 s, attime t = 1swe find the position is

1
X = xo.e&(t—to) —e® m y =yp+ b-(t— to) =2 m

Foraparticle thatwasat xyp=1 m, yg=1 matty=0 s, attimet = 5swe find the position is

X = xo.e&(t—to) —e m y =Yg+ b-(t— to) =6 m

Foraparticle thatwasat xp =1 m, yu=1 atty=0 s, attimet = 10swe find the position is

X:xo.ea~t—):e m y:y0+b-(t—t0):11m

For this steady flow streamlines, streaklines and pathlines coincide

Streamline and Position Plots
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Problem 2.34

[Difficulty: 3]

2.34 A fiow is described by velocity field V = ai + bxj, where
a=2mfsand b =15"", Coordinates are measured in meters,
btain the equation for the streamline passing through point
(2, 5) At e =25 what are the coordinates of the particle that
passed through point (0, 4) at =07 At =3 5, what are the
coordinates of the particle that passed through point (1, £.25)
2 s earlier” What conclusions can vou draw about the path-
line, streamline, and streakline for this flow?

Given: Velocity field
Find: Equation for streamline through point (2.5); coordinates of particle at t = 2 s that was at (0,4) at t = 0; coordinates of
particle at t = 3 s that was at (1,4.25) att = 1 s; compare pathline, streamline, streakline
Solution:
Governing equations: For streamlines v_ dy For pathlines U, = ax
u dx Pt
Assumption: 2D flow
. 1
Given data azzm bh=1-—- Xg =2 Yo =9 x=1
S S
For streamlines v_ dy = H
dx a
So, separating variables i.dy = X-dx
Integrating 3.(y -y ) = 1.()(2 _x 2)
b 0~ 32 0
b 2 2 x2
The solution is then = + —-(x - X ) = =
Y =Y0T 55 0 4
Hence for pathlines U, = % =a vV, = ﬂ =b-x
P dt P dt
Hence dx = a-dt dy = b-x-dt

Integrating X —Xqg = a-(t - to)

The pathlines are X = Xg + a-(t - to)

dy = b-[xo + a~(t - to) dt

y - yg=b xo-(t— to) +

Xo-(t — to) +

y=Yo+b

N |

N |

-((tz - toz)) - a-to-(t - to):

-((tz - toz)) - a-to-(t - to)




Fora particle that wasat x5 = Om, yg = 4maity = Os, attime t = 2swe find the position is
. iy B b a((2 2 _
X = Xg + a-(t - to) =4m y =yg+b xo-(t - to) +o t"—ty")) - a-to-(t - to) =m

Foraparticle thatwasat xj = 1m, yy = 425maity = 1s, attime t = 3swe find the position is

x:x0+a-(t—t0) =5m

y =Yp+ b-[xo-(t - to) + %-((tz - toz)) - a-to-(t - to)} =10.m

For this steady flow streamlines, streaklines and pathlines coincide; the particles refered to are the same particle!

Streamline and Position Plots

Streamline
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@@ Positionatt=5s
@@ Positionatt=10s
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Problem 2.35 [Difficulty: 4]

2.35 A flow is described by welocity field V = ayi + by,
where a=10.25s"" and b=04 m/s®> Att=2 s, what are the
coordinates of the particle that passed through point (1, 2) at
t=07 Att=73 s what are the coordinates of the particle that
passed through point (1, 2) at £= 2 37 Plat the pathline and
streakline through point (1, 2), and plot the streamlines

through the same point at the instants t=0, 1, 2, and 3 5.
Given: Velocity field
Find: Coordinates of particle at t = 2 s that was at (1,2) at t = 0; coordinates of particle at t = 3 s that was at (1,2) att=2s;

plot pathline and streakline through point (1,2) and compare with streamlines through same pointatt=0,1and 2 s

Solution

gle

Coverning equations: For pathlines Up = — Vp=— For
dt dt streamlines

c <

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = x(t,xo,yo,to) and Yp(t) = y(t,xo,yo,to)

Xst(to) = X(t:X0.Y0:tp)  and Yst(to) = ¥(t-X0:Yo- o)
which gives the streakline at t, where X, Y is the point at which dye is released (t, is varied from 0 to t)

Assumption: 2D flow

Given data a=02 1 b=04 m
S 2
s
Hence for pathlines U, = ox =ay V. = dy =Db-t
P dt P dt
b (.2 2
Hence dx = a-y-dt dy = b-t-dt y-Yg= E t" -t
b
For x dx = [a.yo " a,?(tZ a toz)}dt
3
3t
. b|t 0 2
Integrating X — X =aVn(t—th) +a—— - — —ta"(t-t
oyo(o)233o(o)
. bt t03 2 b(2 .2
The pathlines are x(t) = xg + a.yo.(t - tO) + a-? E - ? L) ~(t - to) y(t) =yg + E(t L) )

These give the position (x,y) at any time t of a particle that was at (Xq,y) at time ty

Note that streaklines are obtained using the logic of the Governing equations, above



3 3
The streaklines are x(to) =Xg + a.yo.(t — tO) + a.g. % - t% _ t02~(t - tO) y(to) =yg+ g.(tz _ toz)

These gives the streakline at t, where X, Y is the point at which dye is released (t, is varied from 0 to t)

For a particle that was at Xg =1m, yg =2malty = 0s, attime t = 2swe find the position is (from pathline equations)

t 3

0 2 b (2 2
~§—?—t0-(t—to) =19m y:yo—i—z-(t—to):Z.Bm

w

N | o
—_

X = Xg + a-yo-(t - to) +a

Fora particle that wasat x5 = 1m, yg = 2maity = 2s, attime t = 3swe find the position is

3
3t
bt 0 2 b (2 2
x:x0+a-y0-(t—t0)+a-?K—T—to -(t—to) =14m y:y0+5-(t —to):?).o m
For streamlines v_ dy = bt
dx ay
So, separating variables y-dy = E-t-dx where we treat t as a constant
a
y2 y ?
. - Y0 b-t
Integrat _ = —(x - d we h = =
ntegrating > - (x XO) andwehave x5 =1m yg=2 m

The streamlines are then y = y02 + Z_bt(x - XO) =4t (x-1)+4
a
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Problem 2.1

[Difficulty: 1]

2.1 For the velocity fields given below, determine:

a. whether the flow field is one-, two-, or three-dimensional ,
and why,

b. whether the flow is steady or unsteady, and why.

('The guantities a and b are constants.)
(1) V= [[ax+ t)e®]i (2) Vo= (ax — by)i )
(3) V= axi + [¢™]f (4) V =axi+bx®j+ axk
(5) V = axi+ [e"]] (6) V =axi+bx®j+ayk
() V = axi+ [e¥]j+ayk (8) V =axi+[”]]+azk

Given: Velocity fields
Find: Whether flows are 1, 2 or 3D, steady or unsteady.
Solution:
> >
@) V=V (x,y) 2D
> >
@ V=V (x,y) 2D
> >
©) V=V (X) 1D
> >
@) V=V (X) 1D
> >
®) V=V (X) 1D
> >
(6) V=V (x,y) 2D
> >
) V=V (x,y) 2D
> >
8) V=V(x,Yy,2) 3D
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Problem 2.2

[Difficulty: 1]

2.2 For the velocity fields given below, determine:
a. whether the flow field is one-, two-, or three-dimensional ,
and why,

b. whether the flow is steady or unsteady, and why.
(' The guantities a and b are constants.)
() V= [aPe )i (2) V =axdi+ hxj+ ck
(3) V = axyi — byyj (4) V =axi —byj+ ctk )
(5) V = [ae™)i + b (6) V =a(x®+ )" {1/ %
(M) Vo= (ax+ )i — b7 (8) V = ax?i+ bxzj+ cyk

Given: Velocity fields
Find: Whether flows are 1, 2 or 3D, steady or unsteady.
Solution:
> >
@) V=V(y) 1D
> >
@ V=V (X) 1D
> >
©) V=V (x,y) 2D
> >
@) V=V (x,y) 2D
> >
®) V=V (X) 1D
> >
(6) V=V(x,Yy,2) 3D
> >
) V=V (x,y) 2D
> >
8) V=V(x,Yy,2) 3D

> >
V=V(t)
> >
V= V(1)
> >
V=V(t)
> >
V=V(t)
> >
V=V(t)
> >
V= V(1)
> >
V=V(t)
> >
V= V(1)

Unsteady
Steady

Unsteady
Unsteady
Unsteady
Steady

Unsteady

Steady



Problem 2.3

[Difficulty: 2]

2.3 A viscows liquid is sheared between two parallel disks; the
upper disk rotates and the lower one is fixed. The velocity
field between the disks is given by V = grwz/h. (The origin
of coordinates is located at the center of the lower disk; the
upper disk is located at z = k) What are the dimensions of
this velocity field? Does this velocity field satisfy appropriate
physical boundary conditions? What are they?

Given: Viscous liquid sheared between parallel disks.
Upper disk rotates, lower fixed.

- A IwZ
Velocity field is: V = egT

Find:
a. Dimensions of velocity field.
b. Satisfy physical boundary conditions.

Solution:  To find dimensions, compare to VV :\7(X, Y, Z) form.

.

4,
N

The given field is vV :\7(r, Z). Two space coordinates are included, so the field is 2-D.

Flow must satisfy the no-slip condition:

1. At lower disk, V =0 since stationary.

ro0
h

-

2=0,50V =§, =0, so satisfied.

2. At upper disk, V= égra) since it rotates as a solid body.

+ ~ Ffoh .
z=h,soV =¢, . e,rw, so satisfied.

-



Problem 2.4

[Difficulty: 1]

2.4 Fﬂr_aﬂﬁ velocity ﬁel_q’ ¥
A=2m "5 amnd =1 m "5 °, and the coordinates are
measured in meters, obtain an equation for the flow
streamlines. Plot several sireamlines in the first guadrant.

V = Axyi + Buy?j, where

Given:
Find:

Solution:

For streamlines

So, separating variables

Integrating

The solution is

Velocity field

Equation for streamlines

dx A-x2-y A-X
dy B
y A X
B
In(y) = —-In(x) + c = —:In(x) + ¢

The plot can be easily done in Excel.

y (m)

Streamline Plots

—C-=1
heee C=2
~= C=3
—--=C=4




Problem 2.5 [Difficulty: 2]
2.5 The velocity field V = Axi — Ayj, where A= 25", can be
interpreted to represent flow in a corner. Find an equation
for the flow streamlines. Explain the relevance of A. Plot
several streamlines in the first quadrant, including the one
that passes through the point (x, v)= {0, 0L
Given: Velocity field
Find: Equation for streamlines; Plot several in the first quadrant, including one that passes through point (0,0)
Solution:
. L . v dy
Governing equation: For streamlines - =
u dx
Assumption: 2D flow
v _dy Ay y
Hence — =7 _-_Z .
= Ax_ x Streamline Plots
4 q —C=1
So, separating variables y_ X eeee C=2
Yy X == C =3
o= C=4
Integrating In(y) = -In(x) + ¢ —
E
>
The solution is In(x-y) =c
-, -
c Soson
or y=— “teceeca,
X Il Il Il Il |

The plot can be easily done in Excel.

The streamline passing through (0,0) is given by the vertical axis, then the horizontal axis.

The value of A is irrelevant to streamline shapes but IS relevant for computing the velocity at each point.



Problem 2.6 [Difficulty: 1]

2.6 A velocity field is specified as V = axu + by, where
ga=2m s, b=-6m s, and the coordinates are mea-
sured in meters. s the flow field one-, two-, or three-
dimensional? Why? Calculate the velocity components at the
point (2, %). Develop an eguation for the streamline passing
through this point. Plot several streamlines in the first quad-
rant including the one that passes through the point (2, %).

Given: Velocity field
Find: Whether field is 1D, 2D or 3D; Velocity components at (2,1/2); Equation for streamlines; Plot
Solution:

The velocity field is a function of x andy. It is therefore 2D.

At point (2,1/2), the velocity components are U=axys= 2.i X 2-m x 1-m u= 2-m

For streamlines —_—2 -2 _ 2

So, separating variables dy = B%
y a X
b
. b
Integrating In(y) = —In(X) + ¢ y = C-Xx
a
The solution is y = CxX 3
. . . . 1 _3 1.3 4
The streamline passing through point (2,1/2) is given by - =C2 C==2 C=4 y=—
2 2 X3
207
=== Streamline for C
16, = === Streamline for 2C
S == Streamline for 3C
12\s~~.\°\.‘ = = Streamline for 4C
8o s~~ *~. §.~
-..... - - 'n.-.~.
A — .............?.-.:.-.T-:.--.:..-_.:.-...-.—.-.-.-
1 13 17 2

This can be plotted in Excel.



Problem 2.7 [Difficulty: 2]

2.7 Avelocity field is given by Vo= axi f;r}j. wherea=1s5""

and k=1 s Find the equation of the streamlines at anv

time r. Plot several streamlines in the first quadrant at r= (0 5,

r=135 andr=20s
Given: Velocity field
Find: Equation for streamlines; Plot streamlines
Solution:
For streamlines . E = bty

u dx a-x
So, separating variables gy = bt &
g a %
Integrating In(v) = .t']-ﬂ(i)
a
—b
—t
The solution is V= CcX 2
Fort=0s ¥==c Forr=1s -_i,-=E For¢=20s -_=,-=.:-x_::
X
t=0 t=1s t=20s
(### means too large to view)
c=1 c¢=2 c¢=3 c=1 c¢=2 c¢=3 c=1 c¢=2 c¢=3

X y y y X y y y X y y y
0.05 | 1.00 | 2.00 | 3.00 0.05 | 20.00 | 40.00 | 60.00 0.05 | #HHHHH | #HHHH | ##HHH
0.10 | 1.00 | 2.00 | 3.00 0.10 | 10.00 | 20.00 | 30.00 0.10 | #HHHHH | #HHHHH | ##HAH
0.20 | 1.00 | 2.00 | 3.00 0.20 | 5.00 | 10.00 | 15.00 0.20 | #HHHHH | #HHHH | ##HAH
0.30 | 1.00 | 2.00 | 3.00 0.30 | 3.33 | 6.67 | 10.00 0.30 | #HHHHH | #HHHHH | #HAH
0.40 | 1.00 | 2.00 | 3.00 0.40 | 250 | 5.00 | 7.50 0.40 | #HHHHH | #HHHH | ##HAH
0.50 | 1.00 | 2.00 | 3.00 0.50 | 2.00 | 4.00 | 6.00 0.50 | #HHHH | #HHHH | #HHH
0.60 | 1.00 | 2.00 | 3.00 0.60 | 1.67 | 3.33 | 5.00 0.60 | #HHHIH | #HHHHH | #HHH
0.70 | 1.00 | 2.00 | 3.00 070 | 143 | 2.86 | 4.29 0.70 | #HHHHH | #HHHHH | ##HAH
0.80 [ 1.00 [ 2.00 | 3.00 0.80 [ 1.25 [ 250 [ 3.75 0.80 [ 86.74 [173.47]260.21
0.90 { 1.00 [ 2.00 | 3.00 090 [ 111 | 222 | 3.33 0.90 [ 8.23 [ 16.45 | 24.68
1.00 | 1.00 | 2.00 | 3.00 1.00 | 1.00 [ 2.00 [ 3.00 1.00 | 1.00 [ 2.00 [ 3.00
1.10 | 1.00 | 2.00 | 3.00 110 | 091 | 1.82 [ 2.73 110 | 0.15 | 0.30 [ 0.45
1.20 | 1.00 | 2.00 | 3.00 120 | 0.83 | 1.67 [ 2.50 1.20 | 0.03 [ 0.05 [ 0.08
1.30 | 1.00 | 2.00 | 3.00 130 | 0.77 | 154 [ 231 1.30 | 0.01 | 0.01 [ 0.02
140 | 1.00 | 2.00 | 3.00 140 | 071 | 143 [ 2.14 1.40 | 0.00 [ 0.00 [ 0.00
1.50 | 1.00 | 2.00 | 3.00 150 | 0.67 | 1.33 [ 2.00 1.50 | 0.00 [ 0.00 [ 0.00
1.60 | 1.00 | 2.00 | 3.00 1.60 | 0.63 [ 1.25 [ 1.88 1.60 | 0.00 [ 0.00 [ 0.00
1.70 | 1.00 | 2.00 | 3.00 170 | 059 | 118 [ 1.76 1.70 | 0.00 [ 0.00 [ 0.00
1.80 | 1.00 | 2.00 | 3.00 180 | 056 | 1.11 [ 1.67 1.80 | 0.00 [ 0.00 [ 0.00
1.90 | 1.00 | 2.00 | 3.00 1.90 | 053 | 1.05 [ 1.58 1.90 | 0.00 [ 0.00 [ 0.00
2.00 | 1.00 [ 2.00 [ 3.00 2.00 [ 050 [ 1.00 [ 1.50 2.00 [ 0.00 [ 0.00 [ 0.00




Streamline Plot (t = 0)
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Problem 2.8

[Difficulty: 2]

2.8 A wvelocity field is given by WV = ax® + hxy?j, where
a=1m s " and b=1 m s~ ' Find the equation of the
streamlines. Plot several streamlines in the first guadrant.

Given: Velocity field
Find: Equation for streamlines; Plot streamlines
Solution:
3
Streamlines are iven by r_ E = bxy
u dx 3
a-x
S0, separating variables dy = b-dx
}-‘J a-x
10
Integrating - L =E-:——1:+C
247 a 'l x)
. 1
The solution is v=
a= 1
b= 1
C= 0 2 4 6
X y y y y

0.05 | 0.16 0.15 0.14 0.14

0.10 | 0.22 0.20 0.19 0.18

MNote: For convenience the sign of C is
changed.

0.20 | 0.32 0.27 0.24 0.21

0.30 | 0.39 0.31 0.26 0.23

0.40 | 0.45 0.33 0.28 0.24

Streamline Plot

050 | 050 | 0.35 0.29 0.25 L2
060 | 055 | 037 | 030 | 026 L0
070 | 059 | 038 | 030 | 026

080 | 063 | 039 | 031 | 026 05 |
090 | 067 | 040 | 031 | 027

100 | 071 | 041 | 032 | 027

110 | 074 | 041 | 032 | 027 y061
120 | 077 | 042 | 032 | o027 0t
130 | 081 | 042 | 032 | 027 '
140 | 084 | 043 | 033 | 027

150 | 087 | 043 | 033 | 027 02 1
160 | 089 | 044 | 033 | 027

170 | 092 | 044 | 033 | 028 0.0
180 | 095 | 044 | 033 | 028 0.0

1.90 | 0.97 0.44 0.33 0.28

2.00 | 1.00 0.45 0.33 0.28

0.5 1.0 15 2.0




Problem 2.9 [Difficulty: 2]

2.9 Aflowisdescribed by the velocity field V = (Ax + B)i +
i Ay:j. where A =10 ft/s'ft and & =20 fi's. Plot a few
streamlines in the xy plane, including the one that passes
through the point (x, ¥v)= (1, 2).

Given: Velocity field
Find: Plot streamlines
Solution:
Streambnes are given by I gy = —Ay
u dx Ax+ B
So, separating variables b4y = &
—A-y Ax+ B
Integrating 1 In(v) = i]n %+ Ew"
¥, 4 L A
The solution is v C
K+ —
. - B 200 &
For the streamline that passes through point (x ) ={1.2} C=vilax+—i=2-11+—1I=8 v =
Y A 10/ N 20
X+ —
& 10
= X+ 2
A= 10
B= 20
C-=
1 2 4 6
X y y y y
0.00 | 0.50 1.00 2.00 3.00
0.10 | 0.48 0.95 1.90 2.86
0.20 | 045 | 091 1.82 2.73 Streamline Plot
0.30 | 0.43 0.87 1.74 2.61 35 -
0.40 | 0.42 0.83 1.67 2.50 ———
050 | 040 | 080 | 160 | 240 20 —_—2
0.60 | 0.38 0.77 1.54 2.31 .1
0.70 | 0.37 0.74 1.48 2.22 25 | —_—c =6 ((xy) = (12)
0.80 | 0.36 0.71 1.43 2.14
0.90 | 0.34 0.69 1.38 2.07 2.0
1.00 [ 0.33 0.67 1.33 2.00 >
1.10 | 0.32 0.65 1.29 1.94 15 |
1.20 | 0.31 0.63 1.25 1.88
1.30 [ 0.30 0.61 1.21 1.82 10 ’\
1.40 | 0.29 0.59 1.18 1.76
150 ] 029 [ o057 [ 114 | 171 0.5 =—
1.60 [ 0.28 0.56 1.11 1.67
1.70 | 027 | 054 | 108 | 162 00 ‘ ‘ ‘ ‘
180 | 0.26 | 053 | 105 | 158 00 05 10 15 20
190 [ 0.26 0.51 1.03 1.54 X
2.00 | 0.25 0.50 1.00 1.50




Problem 2.10

[Difficulty: 2]

2.10 The velocity for a steady, incompressible flow in the xy
plane is given by Vo= id/x+ j-Ay.-".l:. where A =2 m?s, and
the coordinates are measured in meters. Obtain an equation
for the streamline that passes through the point (x, y) =
(1,3). Calculate the time required for a fluid particle to move
from x=1m to x=2 min this fiow field.

Given: Velocity field
Find: Equation for streamline through (1,3)

Solution:

For streamlines - - ﬂ -~

So, separating variables —= = =

Integrating In(y) = In(x) + ¢

The solution is y = C-x

For the streamline through point (1,3) 3=C1

For a particle U, = ax =
P dt

x| >

Hence the time for a particle to gofromx=1tox =2 mis

_ (2~m)2 -c (1~m)2 -C

which is the equation of a straight line.

or Xx-dx = A-dt

2

4m —1-m

2

At=t(x =2) - t(x = 1) At »

2-A

2x 2.

S

2

At =0.75s



Problem 2.11

[Difficulty: 3]

2.11 The flow field for an atmospheric flow is given by

My. Mx -

—}I _J

2w 2w

where M = 15", and the x and y coordinates are the parallel
to the local latitude and longitude. Plot the velocity
magnitude along the x axis, along the y axis, and along the
line y = x, and discuss the velocity direction with respect to
these three axes. For each plot use a range x or ¥ = 0 km

to 1 km. Find the equation for the streamlines and sketch
several of them. What does this flow field model?

5

Given: Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equation for streamlines
Solution:
On the x axis, y = 0, so u:_Mzo VZM
2.7 2.7
Plottin
g 20071
1501
Q
£ 1007
>
501
0 0.2 0.4 0.6 0.8
X (km)
The velocity is perpendicular to the axis and increases linearly with distance x.
This can also be plotted in Excel.
On the y axis, x = 0, so UZ_M VZMZO
2.7 2.7
Plotting . . . .
0 0.2 0.4 0.6 0.8
- 501
Q
E -1007
>
— 1501
— 200~

y (km)

The velocity is perpendicular to the axis and increases linearly with distance y.

This can also be plotted in Excel.



Onthey =x U= —2 = 7% v= —2
axis 2.7 2-7 2.7
The flow is perpendicular to liney = x: Slope of liney = 1
X:
Slope of trajectory of 4_ -1
motion: v
) . N [ 2 2 _ / 2 2
If we define the radial position: r=yx +y then along y = r=yx +x = \/E-x
X
Then the magnitude of the velocity alongy = x s\ = w/ uZ + v% = ﬂ.wlxz + X2 = M/2:x _Mr
2.7 2.7 2-
Plottin
g 2007
1501
Q
E 1007
>
501
0 0.2 0.4 0.6 0.8 1
r (km)
This can also be plotted in
Excel. M-X
For X:ﬂ:—27T .
streamlines u dx My
2.7
So, separating y-dy = —x-dx
variables
2 X2
Integrati y _ X ¢
ng 2 2
The solution X2 + y2 =C which is the equation of a

ils . . circle.
he streamlines form a set of concentric circles.

This flow models a rigid body vortex flow. See Example 5.6 for streamline plots. Streamlines are circular, and the velocity
approaches zero as we approach the center. In Problem 2.10, we see that the streamlines are also circular. In areal tornado, at
large distances from the center, the velocities behave as in Problem 2.10; close to the center, they behave as in this problem.



Problem 2.12 [Difficulty: 3]

2.12 The flow field for an atmospheric flow is given by
- Ky : Kx -
v

2m(xk 4 }‘2_:-1 I 2m(x 4 }‘2_:'1

where K = 10° m%s, and the x and yooordinates are parallel to
the local latitude and longitude. Plot the velocity magnitude
along the x axis, along the y axis, and along the line y = x, and
discuss the velocity direction with respect to these three axes.
Foreachplotuse arange xor y = = L kmto 1 km, excluding lx|
or |yl = 100 m. Find the equation for the streamlines and
sketch several of them. What does this fiow field model?

Given: Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equation of streamlines
Solution:
On the x axis, y = 0, so U= — Ky -0 v K-x __K
2'7"'(X + y2) 2-7T-(X2 + y2) 2:meX
Plottin
’ 1601
80r
Q
S I } ' :
\>’ -1 05 0 05 1
- 801
—160-
X (km)

The velocity is perpendicular to the axis, is very high close to the origin, and falls off to zero.

This can also be plotted in Excel.

On the y axis, X = 0, s0 U= Ky ___K v K-x 0
2 2 2.y 2 2
2:m\X +Yy 2.m\x" +y
Plotting 160r
801
Q
€ I } ' :
1 -1 -05 0 05 1
— 801
— 160~

y (km)



The velocity is perpendicular to the axis, is very high close to the origin, and falls off to zero.
This can also be plotted in Excel.

_ . K-x K K-x K
On the y = x axis U= — = — V= =
2-w-(x2 . Xz) 4-7t-x Z.ﬂ.(xz . Xz) 4.70-x
The flow is perpendicular to line y = x: Slope of liney = x: 1

Slope of trajectory of motion:

If we define the radial position: r= sz + y2 then along y = x r= sz + x2 = \/E-x
Then the magnitude of the velocity alongy = x is V = w/ u2 + 2 _ L 1 + 1 = K K
4.1 2 2
J X X

< |c
I
|
[REY

Plotting 160
801
w
€ t t t |
< T 05 0 05 1
— 801
—160~
x (km)

This can also be plotted in Excel.

K-x
2 2
For streamlines v_ ﬂ = M X
u dx K-y y
2 7r~(x2 +y )
So, separating variables y-dy = —x-dx
2 X2
Integrating y _ X +cC
2 2
The solution is X2 + y2 =C which is the equation of a
circle.

Streamlines form a set of concentric circles.

This flow models a vortex flow. See Example 5.6 for streamline plots. Streamlines are circular, and the velocity approaches infinity
as we approach the center. In Problem 2.11, we see that the streamlines are also circular. In areal tornado, at large distances from
the center, the velocities behave as in this problem; close to the center, they behave as in Problem 2.11.



Problem 2.13

[Difficulty: 3]
2.13 A flow field is given by
7 qx : q¥
v ] = =
2m{x*4 }-“:I 2a(x* 4 Jr“:J
where g =3 x 10° m*/s. Plot the velocity magnitude along
the x axis, along the y axis, and along the line y =x, and
discuss the velocity direction with respect to these three axes.
For each plot use a range x or y = — 1 km to 1 km, excluding
|| cr || < 100 m. Find the equation for the streamlines and
sketch several of them. What does this flow field model?
Given: Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equations of streamlines
Solution:
On the x axis, y = 0, s0 u=— gx 4 V=— ay =0
2 2 2-7-X 2 2
2-mA\X +Yy 2-mA\X +Yy
Plotting
00T
501
)
é — t t —
S -1 -05 0 ~pe 1
- 507
- 100~
X (km)
The velocity is very high close to the origin, and falls off to zero. Itisalsoalong the axis. This can be plotted in Excel.
On the y axis, X = 0, s0 y- — ax V=— ay -4
2 2 2 2 2-T-
2-7T-(X +y ) 2-7T-(X +y ) ™y
Plotting
oo
601
© 207
é — t t —
> -1 -05 2010 2 1
- 607
- 100~
y (km)

The velocity is again very high close to the origin, and falls off to zero. It isalso along the axis.

This can also be plotted in Excel.



On the y = x axis

The flow is parallel to line y = x:

If we define the radial position:

g-X q g:X

2-7T-(X2 + xz) X 2-7T-(X2 + xz) X
Slope of liney = x: 1
Slope of trajectory of motion: v_
u

1
r:\[x2+y2 then along y = x r= x2+x2:\/§-x

q

Then the magnitude of the velocity alongy = x is V = w/ u2 + v2 -9 1 + 1 = 4 =

Plotting

1001
601
201

uss

-6 _ 2010 05

This can also be plotted in Excel.

For streamlines

So, separating variables

Integrating

The solution is

— 60T

—100"

r (km)

B qy
vy 2xldey) y
_dx__ g-X T X
27r~(x2+y)
dy _ o
y_x

In(y) = In(x) + ¢

y = C-Xx which is the equation of a straight line.

This flow field corresponds to a sink (discussed in Chapter 6).



Problem 2.14

[Difficulty: 2]

2.14 Beginning with the velocity field of Problem 2.5, show
that the parametric equations for particle motion are given

by % = ce' and y,

cze ¥, Obtain the equation for the

pathline of the particle located at the point (x, ¥) =(2, 2) at
the instant ¢= 0. Compare this pathline with the streamline

through the same point.

Given:

Find:

Velocity field

Proof that the parametric equations for particle motion are x

p

= c1~eA'tand Yp = Coe At pathline that was at

(2,2) at t = 0; compare to streamline through same point, and explain why they are similar or not.

Solution:

Governing equations:

Assumption: 2D flow

Hence for pathlines

So, separating variables

Integrating

The pathlines are

Eliminating t

For streamlines

So, separating variables

Integrating

The solution is

For pathlines U, = ax

P dt
dx

u,=—=AX

P dt

d

& _ At

X

In(x) = At+Cq

X=¢€ =e -e =

In(y) = —In(x) + ¢

In(x-y) =c or

dy
V,=—
P at
At
= Cl.e
S0
X-y = const

or

For streamlines v = ﬂ
u dx
dy
v -2 — _A
P at y
d
Y At
y
In(y) = -At+Co
“AHC G Ay ~ At
y=¢ =e -e =Cye

g oo A

2€
(1 1)

A
In\ x

y®) = const or

xA~yA = const or xXy=4

Xy =4 for given data

The streamline passing through (2,2) and the pathline that started at (2,2) coincide because the flow is steady!

A A
In(x -y )zconst

for given data



Problem 2.15 [Difficulty: 2]

2.15 A fiow field is given by V = Axi + 24y, where A =251,
Verify that the parametric equations for particle motion are
given by x, = c;e™and y, = ce™. Obtain the equation for the
pathline of the particle located at the point (x, y) = (2,2) atthe
imstant f=10. Compare this pathline with the streamline
through the same point.

Given: Velocity field
o . , , . At 2-At ,
Find: Proof that the parametric equations for particle motion are Xp = Cpe and Yp=Cpe ; pathline that was at
(2,2) at t = 0; compare to streamline through same point, and explain why they are similar or not.
Solution:
Governing equations: For pathlines Up = ax Vp = dy For v_ dy
dt dt streamlines u dx
Assumption: 2D flow
Hence for pathlines U, = o = A-X v, = L7 =2.Ay
P dt P dt
So, separating variables LUl = A-dt L = 2-Adt
X y
Integrating In(x) = At+Cq In(y) = 2-At+ Cy
ABC) Cp At At 2AHC;  Cp aAt 2.A
X=e =e e =cCq€ y=e =e e =Cy-€
1 2
The pathlines are X = cl.eA't y= c2-e2A't
L 2. At X \2 2 1 2 .
Eliminating t y=Ccye = cz.(— o y =C-X or y = —-x~ forgiven data
c 2
1)

For streamlines

So, separating variables dy = 2o Integrating In(y) = 2-In(x) + ¢
y X
The solution is In(l\ =cC
2
x")
or y = C~x2 or y = l.x2 for given data
2

The streamline passing through (2,2) and the pathline that started at (2,2) coincide because the flow is steady!



Problem 2.16

[Difficulty: 2]

2.16 Avelocity fieldis givenby V' = awi — bxj, wherea = 15~
andh = 457, Findthe equation of the streamlines at any time r.
Plotseveral streamlines atf =0, t=1s, and = 2 s,

Given: Velocity field
Find: Equation of streamlines; Plot streamlines
Solution:

Streamlines are given by — =

S0, separating vanables a-t-y-dy = —b-x-dx
. 1 2 1 2
Integrating Saty =— bx +C
The solution is ¥v= [C— bx
a-t
Fort=0s = Forr=1s W= C—-l-x:
t=0 t=1s
C=1 C=2 C=3 C=1 C=2 C=3
X y y y X y y
0.00 | 1.00 2.00 3.00 0.000 | 1.00 [ 141 [ 1.73
0.10 | 1.00 2.00 3.00 0.025 | 1.00 | 141 | 1.73
0.20 | 1.00 2.00 3.00 0.050 | 099 [ 141 [ 1.73
0.30 | 1.00 2.00 3.00 0.075| 099 | 141 | 1.73
0.40 | 1.00 2.00 3.00 0.100 | 098 | 140 [ 1.72
0.50 | 1.00 2.00 3.00 0.125| 097 | 139 | 1.71
0.60 | 1.00 2.00 3.00 0150 | 095 [ 138 [ 1.71
0.70 | 1.00 2.00 3.00 0.175| 094 | 137 | 1.70
0.80 | 1.00 2.00 3.00 0.200 | 092 | 136 [ 1.69
0.90 | 1.00 2.00 3.00 0.225| 0.89 | 1.34 | 1.67
1.00 | 1.00 2.00 3.00 0.250 | 0.87 | 1.32 [ 1.66
1.10 [ 1.00 2.00 3.00 0.275| 0.84 | 1.30 | 1.64
1.20 | 1.00 2.00 3.00 0.300 | 0.80 | 1.28 [ 1.62
1.30 [ 1.00 2.00 3.00 0.325| 0.76 | 1.26 | 1.61
1.40 | 1.00 2.00 3.00 0.350 | 0.71 | 1.23 [ 158
1.50 [ 1.00 2.00 3.00 0.375| 0.66 | 1.20 | 1.56
1.60 | 1.00 2.00 3.00 0.400 | 0.60 | 1.17 [ 154
1.70 { 1.00 2.00 3.00 0.425| 053 | 113 | 151
1.80 | 1.00 2.00 3.00 0.450 | 0.44 [ 1.09 [ 1.48
1.90 [ 1.00 2.00 3.00 0.475| 031 | 1.05 | 145
2.00 | 1.00 2.00 3.00 0.500 | 0.00 | 1.00 [ 141

Forf=20s v = C—XT
3
t=20s
C=1 C=2 C=3
X y y y

0.00 1.00 1.41 1.73
0.10 1.00 1.41 1.73
0.20 1.00 1.41 1.73
0.30 | 0.99 1.41 1.73
0.40 | 0.98 1.40 1.72
0.50 | 0.97 1.40 1.72
0.60 | 0.96 1.39 1.71
0.70 | 0.95 1.38 1.70
0.80 | 0.93 1.37 1.69
0.90 | 0.92 1.36 1.68
1.00 | 0.89 1.34 1.67
1.10 | 0.87 1.33 1.66
1.20 | 0.84 1.31 1.65
1.30 [ 0.81 1.29 1.63
140 | 0.78 1.27 1.61
1.50 [ 0.74 1.24 1.60
1.60 | 0.70 1.22 1.58
1.70 [ 0.65 1.19 1.56
1.80 | 0.59 1.16 1.53
1.90 [ 0.53 1.13 1.51
2.00 | 045 1.10 1.48




35 4

3.0

Streamline Plot (t = 0)

2.5

2.0

15 A

1.0

—c=1
—cC=2

—c=3
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0.0
0.0

0.2 0.4 0.6 0.8 1.0 12 14 16 18
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Streamline Plot (t = 1s)

—C

1.6
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Problem 2.17 [Difficulty: 4]

2.17 Verify that x, = —asin{uf), v, = acos(wr) is the equation
for the pathlines of particles for the flow field of Problem
2.12. Find the frequency of motion w as a function of the
amplitude of motion, a, and K. Verify that x, = —asin(us),
Vp = acos(wi) is also the equation for the pathlines of parti-
cles for the flow field of Problem 2.11, except that w is now a
function of M. Plot typical pathlines for both flow fields and

discuss the difference.

Given: Pathlines of particles
Find: Conditions that make them satisfy Problem 2.10 flow field; Also Problem 2.11 flow field; Plot pathlines
Solution:
The given pathlines are Xp= —a-sin(w-t) Yp = a-cos(w-t)
The velocity field of Problem 2.12 is N S A o Kx
( 2 2) ( 2 2)
2m\X +y 2-m\X +y

If the pathlines are correct we should be able to substitute x, and y, into the velocity field to find the velocity as a function of time:

Ky K.a.cos(w.t) K'COS(w't)
. __ - == M
2-n-(x2 n yz) 2~7T-(3.2'Si1’1(0.)'t)2 + aZ'COS(W't)Z) e
K-x K-(-a-sin(w-t)) K-sin(w-t)
o - - @
2-Tt-a

2-7r-(x2 + y2) 2-11'-(212-sin(u)-t)2 + az-cos(w-t)z)

We should also be able to find the velocity field as a function of time from the pathline equations (Eq. 2.9):

dx,, ) dx, ~ (2.9)
=u — =V
dt dt
u= — = _a.w.cos(w.t) V=——= —a'W'Sin(W't) (3)
dt t
. K -t K-sin(w-t
Comparing Egs. 1,2and3  u = —a-w-cos(w-t) = _Kecos(wt) v =—a-wsin(wt) = —— ()
2.7t-a 2-m-a
K K

or W= for the pathlines to be correct.

Hence we see that aw=



The pathlines are

| a=300m To plot this in Excel, compute x and y,,
a=400 m for t ranging from 0 to 60 s, with @ given
a=3500m by the above formula. Ploty, versus x,.
Note that outer particles travel much
2007 slower!
t t t This is the free vortex flow discussed in
- §oo - 200 0 200 400 Example 5.6
- 2001
—400-
The velocity field of Problem 2.11 is we My v o Mx
2.7 2.

If the pathlines are correct we should be able to substitute x, and y, into the velocity field to find the velocity as a function of time:

My _ _M-(a-cos(w-t)) _ ~M-a-cos(wt)

u= 4)
2.1t 2.7t 2.7
~ Mx  M-(-asin(wt))  M-asin(wt) )
2.1t 2. 2.
Recall that u=—=-aw-cos(wt) v =——=—awsin(wt) G)
dt dt
] M-a- -t M-a-sin(w-t
Comparing Egs. 1,4and 5 u = —a-w-cos(w-t) = _Mea-cos(wt) v = —a-w-sin(w-t) = _M-asin(wt)
2.7t 2.7
M .
Hence we see that w=— for the pathlines to be correct.



The pathlines

20

=)

- 600

200 0

= a3 =300 m
a=400 m
=== a =500 m

To plot this in Excel, compute x and y,,

for t ranging from 0 to 75 s, with @ given

by the above formula. Plot y, versus x,,.

Note that outer particles travel faster!

This is the forced vortex flow discussed in
Example 5.6

Note that this is rigid
body rotation!



Problem 2.18

[Difficulty: 2]

2.18 Air flows downward toward an infinitely wide horizontal
flat plate. The velocity field is given by V = (axi — ayj)(2 +
cosut), where a=5s', w=2r s ', x and y (measured in
meters) are horizontal and verticall v upward, respectively, and
is in 5 Obtain an algebraic equation for a streamline at =1\
Plaot the streamline that passes through point (x, v) = (3, 3) at
this instant. Will the sreamline change with time? Explain
briefiy. Show the velocity vector on vour plot at the same point
and time. 1s the velocity vector tangent to the streamline?
Explain.

Given: Time-varying velocity field
Find:
Solution:

For streamlines

Streamlines at t = 0 s; Streamline through (3,3); velocity vector; will streamlines change with time

_a-y~(2 + cos(w-t)) y
X a-x-(2 + cos(w-t)) X

which is the equation of a hyperbola.

Cc=1

u
Att =0 (actually all times!) dy -y
dx X
So, separating variables dy = _%
y X
Integrating In(y) = —In(x) + ¢
The solution is y= <
X
For the streamline through point (3,3) C = 3
3

and y

X | =

The streamlines will not change with time since dy/dx does not change with time.

This curve can be plotted in Excel.

Att=0

1
uU=ax(2+cos(wt)) =5—x3mx3
S
m
u=45—
S
1
vV =-ay(2+ cos(wt)) =5—x3mx 3
S
V= —45-m

S

The velocity vector is tangent to the curve;

Tangent of curve at (3,3) is

gle
I
AR

X |<

Il
|
(RN

Direction of velocity at (3,3) is

c <



Problem 2.19 [Difficulty: 3]

2.19 Comsider the flow described by the velocity field
Vo= Al + Bt)i + Ctyj, with A=1més, B=1s5"", and C=1
572 Coordinates are measured in meters. Plot the pathline
traced out by the particle that passes through the point (1, 1) at

time t= 0. Compare with the streamlines plotted through the
same point at the instants ¢t =0, 1, and 2 5,
Given: Velocity field
Find: Plot of pathline traced out by particle that passes through point (1,1) at t = 0; compare to streamlines through same

point at the instantst = 0, 1 and 2s

Solution:

Governing equations:

Assumption: 2D flow

Hence for pathlines

So, separating variables

Integrating

The pathlines are

Using given data

For streamlines

So, separating variables

Integrating

The solution is

For pathlines U, = ax vV, = dy For streamlines v_ dy
Pt Pt u  dx
dx m 1 y 1
u,=—=A(1+B-t A=1— B=1- v,=—=Ct c=1—
Pt ( ) S S P d y S2
dy
dx = A-(1 + B-t)-dt — = C-t-dt
y
x—At+Bf\+C In(y)—ECt2+C
2) 1 2 2
2 2 2
—-C-t+C2 C2 ECt —-C-t
y =e =e -e = C2 e
2
—.C-t
&) >
x:A~t+B~?)+C1 y==Coe
2
—.C-t
&) >
X=A|t+B— +1 y=¢
2)
v_d __ Cyt
u dx A(1+Bt)
1+ B.t).ﬂ = E-t-dx which we can integrate for any given t (t is treated as a constant)
A
C
(1 +B-t)In(y) = —tx+¢c
A
1

1+Bt C C
y = —-t-X + const y =| —-t-X + const
A A )



For particles at (1,1) att=0, 1, and 2s, using A, B, and C data:

y (m)

y=1

Streamline and Pathline Plots

Streamline (t=0)

!
===+ Streamline (t=1) /
== Streamline (t=2) /

- [== = Pathlin g
athline F
/
/
L /
/

L /7 Ub.&.’..’..’o;’¢¢¢

O oo

o=

e
e
‘o.’.

| [ S
0 1 2 4



Problem 2.20

[Difficulty: 3]

2.20 Consider the flow described by the velocity field
V = Bx(1+Afi+ Cyj,with A=05s5"and B=C=15"1
Coordinates are measured in meters. Plot the pathline traced
out by the particle that passes through the point (1, 1) at time
t=10. Compare with the streamlines plotted through the
same point at the instants ¢=10, 1, and 2 5,

Given: Velocity field
Find: Plot of pathline traced out by particle that passes through point (1,1) at t = 0; compare to streamlines through
same point at the instants t = 0, 1 and 2s
Solution:
. . . dx dy . v dy
Governing equations: For pathlines U, = — vV, = — For streamlines - ==
P dt P dt u  dx
Assumption: 2D flow
. d d 1
Hence for pathlines Un = X _ B-x-(1 + At) A= 05— B=1= V. = a9 _ cCy C=1=
P at S S P at S
. . dx dy
So, separating variables — =B-(1+ At).dt =2 _c.dt
X y
t2
Integrating In(x) =B-| t + A?) +Cq In(y) =C-t+ Cy
BtAtZ\C BtAtZ\ BtAtZ\ C#C c
2) 1 C 2) 2) y=¢e 2:ez-eCt:cz-eCt
X=e =e e =Cq€
&)
B- t+A-—)
The pathlines are X=cqe 2 y = CZ_eCt

B-(t+A~ tZ\
Y

Using given data X

For streamlines v _ dy _ Cy

u dx B-x-(1 + At)

dx
X

So, separating variables (1+ A-t).ﬂ =
y

<
B

Integrating (1 + At)In(y) = %-In(x) +cC

which we can integrate for any given t (t is treated as a constant)



C
The solution is L+A-

y A2 const-x B or y = const-x
Cc Cc o
For particles at (1,1) att=0,1,and2s y = x° y = x 1+AB y = x1H2A)B

Streamline and Pathline Plots

57 .
[=- = Streamline (t=0) X4
o« <« Streamline (t=1) 7
i Streamline (t=2) 7
Al | Pathline K4
o
E
>
ot
4
0 1 2 3 4 5



Problem 2.21

[Difficulty: 3]

2.21 Consider the flow field given in Eulerian description by
the expression V = Ai— Btj, where A =2 mf, #=2 mfs",
and the coordinates are measured in meters. Derive the
Lagrangian position functions for the fluid particle that was
located at the point (x, v) = (1, 1) at the instant ¢ =0, Obtain
an algebraic expression for the pathline followed by this
particle. Plot the pathline and compare with the stream-
lines plotted through the same point at the instants r=10, 1,

and 2 s
Given: Eulerian Velocity field
Find: Lagrangian position function that was at point (1,1) at t = 0; expression for pathline; plot pathline and compare to
streamlines through same point at the instantst = 0, 1 and 2s
Solution:
. N . . . dx dy . v
Governing equations: For pathlines (Lagrangian description) Up = d_ Vp = d_ For streamlines - =
t t u
Assumption: 2D flow
. dx m dy m
Hence for pathlines U,=—=A A=2 — vV, = — = -B-t B=2 —
P dt s P dt 2
S
So, separating variables dx = A-dt dy = -B-t-dt
t2
Integrating X = At+ X Xg=1m y = —B'? +Y0 Yo=1m
t2
The Lagrangian description is X(t) = At+xg y(t) = -B-— + g
2
Using given data X(t) = 2.t+1 yt) =1- t2
X — X {2 (x - XO)
The pathlines are given by combining the equations t = y=-B-—+yg=-B: +Y0
A 2 2
2-A
2
X — X 2
Hence y(x) =yg - B.Q or, using given data y(x) = 1- (x-1)
2 4
2-A
For streamlines v_ ﬂ = Bt
dx A
So, separating variables dy = _E.dx which we can integrate for any given t (t is treated as a constant)
A

gle



The solution is Bt

y=—X+¢C and for the one through (1,1) 1:—E-1+c c= 1+E
A A A
B-t

y:—T-(x—1)+1 y =1-t(x-1)

x=1,11..20

Streamline Plots

20r

y (m)

— 761 [== = Streamline (t=0)
-« == Streamline (t=1)
— = Streamline (t=2)

== Pathline

- 100~

X (m)



Problem 2.22 [Difficulty: 3]

2.22 Consider the velocity field V = axi + by(1 + cf)j, where
a=bh=23"" and ¢=04 s~ Coordinates are measured in
meters. For the particle that passes through the point
(x, ¥)=1(1, 1} at the instant ¢ =0, plot the pathline during the
interval from f=0 to 1.5 5. Compare this pathline with
the streamlines plotted through the same point at the
instants =0, 1, and 1.5 =.

Given: Velocity field

Find: Plot of pathline of particle fort = 0 to 1.5 s that was at point (1,1) at t = 0; compare to streamlines through same
point at the instantst =0, 1and 1.5 s

Solution:
. . . dx dy . v dy
Governing equations: For pathlines U, = — v, = —= For streamlines —==
Pt Pt u  dx
Assumption: 2D flow
Hence for pathlines Un = ax = ax a=2 L vV, = Yy =by@Q+ct) b=2 1 c=04 1
P dt s P dt 2
s
. . dx dy
So, separating variables — = a.dt dy = b-y-(1 + c-t)-dt — =Db-(1 + ct)-dt
X y
Integrating In L\ =at Xg=1m In i\ = b~(t+ l-c-tz\ yo=1m
b- (t+i~ (o8 tz)
Hence x(t) = xo-ea't y(t) =e ?
2.t 2.t+0.4-
Using given data x(t) = e y() = e A

For streamlines v = ﬂ = M

dx a-X

dy b(l+ct) dx

So, separating variables —=
y a-X

which we can integrate for any given t (t is treated as a constant)

Hence In(i\ by c-t)~|n(i\
Yo) 2 Xo)
b
—(1+ct)
X \a
The solution is y = yO'(_
Xoj



y (m)

Streamline and Pathline Plots

=« = Streamline (t=0) ! .
===+ Streamline (t=1) /) g
== Streamline (t=1.5) |/ .
| == Pathline S

a
t=15 y = yo(i\

XO)



Problem 2.23

[Difficulty: 3]

2.23 Consider the flow field given in Eulerian des-

criptionby the expression V

axi + byij, where a=0.25""

b =004 57 and the coordinates are measured in meters.
Derive the Lagrangian position functions for the fluid par-
ticle that was located at the point (x, yy=(1, 1) at
the instant f=0. Obtain an algebraic expression for the
pathline followed by this particle. Plot the pathline and
compare with the streamlines plotted through the same
point at the instants £ = 0, 10, and 20 s.

Given:

Find:

Velocity field

point at the instantst =0, 1and 1.5 s

Solution:

Governing equations:

Assumption: 2D flow

Hence for pathlines

So, separating variables

Integrating

Hence

Using given data

For streamlines

So, separating variables

Hence

The solution is

For pathlines

U, = % V, = ﬂ For streamlines v
P qt P dt u
11 d
a=—-— v=—y:byt b:ii
5 s Pt 25 2
d
dy = bey-t-dt Y bt
y
Xg=1m In L\:biiz yo=1m
Yo ) 2
E.b.tz
y(t) = yp-e
t2
50
y(t) = e

which we can integrate for any given t (t is treated as a constant)

I
o
()

X0=1 y0=1

o |o

Plot of pathline of particle fort = 0to 1.5 s that was at point (1,1) at t = 0; compare to streamlines through same

gle



For

a
t=0 “vo XV
Xoj
b
—t
a
b
t=5 y:yO'(i\ =X —t=1
Xoj a
b
—t
a
t = 10 - yo.(i\ _ 2 b._
Xoj a
Streamline and Pathline Plots
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gt
o
E
>
pt
T & =« = Streamline (t=0)
4 === Streamline (t=1)
== cfmemcmcmemememoememe=ci== Streamline (t=1.5) |*
,'7 == Pathline
J / 1 1 1 1 ]
0 2 4 8

X (m)
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Problem 2.24

[Difficulty- 3]

2.24 A velocity field s given by V = axti — byj, where
a=0.15%and b=1s5"1 Forthe particle that passes through
the point (x, ¥} =(1, 1) at instant ¢ =10 s, plot the pathline
during the interval from =10 to r=23 s. Compare with the
streamlines plotted through the same point at the instants
r=0,1, and 2 5.

Given: Velacity field
Find: Plot pathlines and streamlines
Solution:
Pathlines are given by o u=axt
dt
So, separating vanables = atdt
X
. 1 2
Integrating n{x) = ;-a-t + ¢
a2
2"
For initial position (xg.50) x=xye

Using the given data, and IC (ap.yvp) = (1.1} att=10

0.05.t%
i=e

Streamlines are given by

So, separating vatriables E = _l E
¥ at x
b
L a-t
The solution is v==Cx
For streamline at {1, 1) at t=0s i=cC
For streamline at {1, 1) at¢=1s ¥ =x 1o
For streamline at {1,1) at =2 s ¥ -

—b-t
¥=TX¥p¢©
— I
¥y=e
. b
Integrating In{v) = —-In{x) + C
a-t



Pathline Streamlines
t=0 t=1s t=2s
t X y X y X y X y
0.00 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.25 | 1.00 0.78 1.00 0.78 1.00 0.97 1.00 0.98
050 | 1.01 0.61 1.00 0.61 1.01 0.88 1.01 0.94
0.75 | 1.03 0.47 1.00 0.47 1.03 0.75 1.03 0.87
1.00 | 1.05 0.37 1.00 0.37 1.05 0.61 1.05 0.78
1.25 | 1.08 0.29 1.00 0.29 1.08 0.46 1.08 0.68
150 | 1.12 0.22 1.00 0.22 1.12 0.32 1.12 0.57
1.75 | 1.17 0.17 1.00 0.17 1.17 0.22 1.17 0.47
2.00 | 1.22 0.14 1.00 0.14 1.22 0.14 1.22 0.37
225 | 1.29 0.11 1.00 0.11 1.29 0.08 1.29 0.28
250 | 1.37 0.08 1.00 0.08 1.37 0.04 1.37 0.21
275 | 1.46 0.06 1.00 0.06 1.46 0.02 1.46 0.15
3.00 | 1.57 0.05 1.00 0.05 1.57 0.01 1.57 0.11
3.25 | 1.70 0.04 1.00 0.04 1.70 0.01 1.70 0.07
3.50 | 1.85 0.03 1.00 0.03 1.85 0.00 1.85 0.05
3.75 | 2.02 0.02 1.00 0.02 2.02 0.00 2.02 0.03
400 | 2.23 0.02 1.00 0.02 2.23 0.00 2.23 0.02
425 | 247 0.01 1.00 0.01 2.47 0.00 2.47 0.01
450 | 2.75 0.01 1.00 0.01 2.75 0.00 2.75 0.01
475 | 3.09 0.01 1.00 0.01 3.09 0.00 3.09 0.00
5.00 | 3.49 0.01 1.00 0.01 3.49 0.00 3.49 0.00
Pathline and Streamline Plots
1.0 -
o Pathline
o Streamline (t = 0)
056 | ; —StreamI!ne (t=15s)
o —— Streamline (t=25s)

0.4

0.2

0.0 : OO e

0.0 0.5 3.0 35




Problem 2.25 [Difficulty: 3]

2.25 Consider the flow field Vo= axti + bj. wherea=10.15""
and & = 4 m/s. Coordinates are measured in meters. For the
particle that passes through the point (x, ¥) =(3, 1) at the
instant ¢ ={, plot the pathline during the interval from t=10
to 3 5. Compare this pathline with the streamlines plotted
through the same point at the instants f=1, 2, and 3 5.

Given: Flow field
Find: Pathline for particle starting at (3,1); Streamlines through same pointatt=1, 2, and 3 s
Solution:
For particle paths ax =u=axt an dy =v=>h
dt d dt
. . . . dx 1 2
Separating variables and integrating — = a-t-dt or In(x) = =-at” +¢q
X 2
dy = b-dt or y=bt+co

Using initial condition (x,y) =(3,1) and the given values for aand b

¢q = In(3-m) an Crp=1m
0.05-
The pathline is then X=3e and y=4t+1
For streamlines (at any time t) v_ dy = b
u dx axt
So, separating variables dy = 3%
at X
. b
Integrating y = _t.|n(x) +C
a.

We are interested in instantaneous streamlines at various times that always pass through point (3,1). Usinga and b values:

b 4
c=y—-—In(X)=1- —-:In(3
Y- (® oLt (3

The streamline equation is y=1+ ﬁ)-In 5\\
t \3)
30T
=== Pathline
R Streamline (t=1) Le®
= = Streamline (t=2) Lot
=== Streamline (t=3) -
10T - - - o-
> .’——.:.’—.-.-.—
0 1 2.-:2%.°7 3 4 5
7 .’
—10r " o
-20- These curves can be plotted in

Excel.



Problem 2.26

[Difficulty: 4]

2.26 Consider the garden hose of Fig. 2.5. Suppose the
velocity field is given by V = wugl + vpsin[w(t — x/1ig)]j, where
the x direction is horizontal and the origin is at the mean
position of the hose, ug= 10 m/s, vy = 2m/s, and o =5 cycless.
Find and plot on one graph the instantanecus streamlines
that pass through the origin at =035, 0,053, 0.1 5, and 0.15 5.
Also find and plot on one graph the pathlines of particles that
left the origin at the same four times.

Given: Velocity field
Find: Plot streamlines that are at origin at various times and pathlines that left origin at these times
Solution:
VO'Si“|:UJ~(t - i\}
u
For streamlines Y_ dy = O)
u  dx ug
vosin w-f t — i\
. . B U )
So, separating variables (t=const) dy = .dx
U0
vo'co{w-[t - i\}
uo
Integrating y = +c
w
vo{co{w(t - i\} - cos(w-t)}
u
. iy _ _ 0
Using condition y = 0 when x=0 y= W This gives streamlines y(x) at each time t
. dx
For particle paths, first find x(t) — =u=uy
dt
Separating variables and integrating dx = ug-dt o X =upt+cy
T
Using initial conditionx =0 att=1 ¢y = —UyT X = uo.(t - 7)
d d uO-(t - T)
For y(t) we have & =V = vsin w| t - i\ S0 & = v = vgsinf W t - ————
dt u dt u
0) 0
dy .
and — = v = vq-sin(wT
" 0-sin(w-7)
Separating variables and integrating dy = v(-sin(w-T)-dt y = vgsin(wT)-t + ¢y
Using initial conditiony =0 att=1 ¢y = =V sin(w-T)-T y = vg-sin(w-T)-(t — T)

The pathline is then

x(t,T) = uo.(t -T) y(t,T) = VO-sin(w-'r)-(t -7T) These terms give the path of a particle (x(t),y(t)) that started at t = 7.



0.251

L d
....—
...'S::—o’ﬂ.......
o®® ——— ®q - -
' —————————————.'.:j-r?———————————

- oo a» @ e - oo e
- = - e -
- - - -

-
meomimg e o,
-="° =-~~'-.

-
bl
‘.~
'§.~
'\.~
b
b LI
— u L]
0.25] Srm,
b LI
’\.~
-
-
'\.‘
e,
‘.
-,

= Streamline t = 0s

eeee Streamline t = 0.05s

== Streamline t =0.1s

=< = Streamline t = 0.15s
Pathline starting t = 0s

= =<« Pathline starting t = 0.05s

== Pathline starting t = 0.1s

=« = Pathline starting t =0.15s

The streamlines are sinusoids; the pathlines are straight (once a water particle is fired it travels in a straight line).

These curves can be plotted in Excel.



Problem 2.27 [Difficulty: 5]

2.27 Using the data of Problem 2.26, find and plot the
streakline shape produced after the first second of fiow.

Given: Velocity field
Find: Plot streakline for first second of flow
Solution:

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = x(t,xo,yo,to) and Yp(t) = y(t,xo,yo,to)

where X, Yq is the position of the particle at t = t, and re-interprete the results as streaklines

Xst(to) = X(t:-x0-Yo.tg) ~ and Yst(to) = ¥(t-0-Yo-to)

which gives the streakline at t, where X, Y is the point at which dye is released (t, is varied from 0 to t)

For particle paths, first find x(t) % =u=ug
t
Separating variables and integrating dx = ug-dt 0 X = Xg + uo-(t - to)
r
Xn + Up(t—t
Fory(t) we have Yy _, vosin w t - X S0 Y _, vg-sin wt— L(())
dt U0) dt UO
X
and Yy =V = vg-sin w| tg - —0\
dt U0)
. . . i . X0 ) . X0 )
Separating variables and integrating dy = vg-sin w| tg — — |-dt y =Yg + Vosin w| tg - _) ~(t _ to)
Yo Yo
- . X0 )
The streakline is then XSt(tO) =Xq + uo(t - to) yst(to) =Yg + Vosin w tg - —) -(t - to)
u
0
With XO = yO =0
XSt(tO) = UO'(t - to) ySt(tO) = VO'Sin[w'(to)]~(t - to)

Streakline for First Second

D
D
>
>

X (m)

This curve can be plotted in Excel. Fort=1, tyranges from0tot.



Problem 2.28 [Difficulty: 4]

2.28 Consider the velocity field of Problem 2.20. Plot the
streakline formed by particles that passed through the point
(1, 1) during the interval from ¢ = 0 to t =3 s. Compare with
the streamlines plotted through the same point at the

instants =10, 1, and 2 s,
Given: Velocity field
Find: Plot of streakline for t = 0 to 3 s at point (1,1); compare to streamlines through same point at the instantst =0, 1
and 2's
Solution:
Governing equations: For pathlines U, = ax vV, = &Y For streamlines v_ dy
Pt Pt u  dx

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = x(t,xo,yo,to) and Yp(t) = y(t,xo,yo,to)

Xst(to) = X(t:x0-Yo-tg) ~ and Yst(to) = ¥(t-X0-Yo-to)

which gives the streakline at t, where Xg, Y is the point at which dye is released (t, is varied from O to t)

Assumption: 2D flow

For pathlines U, = 9 =Bx(1+At) A=05 1 B=1 1 Vi, = &y =Cy C=1 1
P t S S P at S
. . dx dy
So, separating variables — =B-(1+ At).dt =2 _c.at
X y
t -t \
Integrating In L\ =B |t-tyg+ A 0 In i\ = C-(t - to)
XO) 2 ) Yo
tz_toz\
B tig+A: 2 ) y=y .ec.(t_to)
X = Xo'e 0
t2—t02\
. B:| t-ty+A: 5 ) C.(t_to)
The pathlines are Xp(t) = xg-e yp(t) = yp-e

where X, Y is the position of the particle at t = t,. Re-interpreting the results as streaklines:

2 .2
t—to\\

B-(t—t0+A~ > )

_ C:(t-t)
The streaklines are then Xst(to) =Xp-e yst(to) =Yype

where X, Yq is the point at which dye is released (t, is varied from 0 to t)



For streamlines v_Jdy Cy

u dx B-x-(1 + At)

So, separating variables 1+ A.t).ﬂ = 2% which we can integrate for any given t (t is treated as a constant)
B x
. C
Integrating (1 + At)In(y) = E-In(x) + const
C
The solution is y AT constx
2 1
For particles at (1,1) att=0, 1, and 2s y =X y:x3 y:x2

Streamline and Pathline Plots

107 "
== = Streamline (t=0) K4
°*=+ Streamline (t=1) K4

Streamline (t=2) K4
| |= Streakline /7
§] ,’
/0
/0
/0
of 7’
/0

E s’
>

x (m)



Problem 2.29

[Difficulty: 4]

2.29 Streaklines are traced out by neutrally buovant marker
fiuid injected into a flow field from a fixed point in space. A
particle of the marker fiuid that is at point (x, ¥) at time f
must have passed through the injection point (xg, vg) at some

earlier instant ¢ = 7. The time history of a marker particle
may be found by solving the pathline equations for the initial
conditions that x = x,, ¥ =y, when = . The present loca-

tions of particles on the streakline are obtained by setting +
equal to values in the range 0 = + = . Consider the fiow field
Vo= ax(1 + bt)i + cyj, where a=c=1 351 and b=02 571,
Coordinates are measured in meters. Plot the streakline that
passes through the initial point (xg yg) = (1, 1), during the
interval from =10 to t=73 5. Compare with the streamline
plotted through the same point at the instants =0, 1, and
2s

Given: Velocity field

Find:

and 2 s

Solution:

Governing equations:

Assumption: 2D flow

For pathlines

So, separating variables

Integrating

Plot of streakline for t = 0 to 3 s at point (1,1); compare to streamlines through same point at the instantst =0, 1

For pathlines U, = ax vV, = dy For streamlines

c <
gle

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

Xst(to) = X(t:x0-Yo-tg) ~ and Yst(to) = ¥(t:-X0-Yo-to)

which gives the streakline at t, where Xg, Y is the point at which dye is released (t, is varied from 0 to t)

dx 1 11 dy 1
Up= —=ax(l+bt) a=1= b== = vg=—>=cy c=1 =
P dt ( ) s 5 s P ot Y s
d d
X+ bt)dt Y _ et
X y

2 . 2)
x\ t -1 )
|n(x—0} =a|t-— tO + bT} In(i




2,2
a-| t-th+b Lo \
0 2 )

The pathlines are xp(t) =Xpe

c-(t—to)
where Xg, Y is the position of the particle at t = t;. Re-interpreting the results as streaklines:

tz_toz\
a| t-ty+b- 5 ) c~(t—t0)

Yst(to) = Yo-e

Yp(t) = yp-e

The streaklines are then XSt(tO) = xge

where Xg, Yq is the point at which dye is released (t; is varied from 0 to t)

For streamlines v_Jdy cy

u dx ax(1+hbt)

So, separating variables 1+ b-t)-ﬂ = E.% which we can integrate for any given t (t is treated as a constant)
y a X
. c
Integrating (1 + b-t)-In(y) = —-In(x) + const
a
C
The solution is yl+b't = const-x "

2 1
For particles at (1,1) att=0, 1, and 2s y =X y:x3 y:x2
Streamline and Pathline Plots
51 :
=== Streamline (t=0) 7
===+ Streamline (t=1) ,.’
Streamline (t=2) ,
4t = Streakline .
E
>
5

X (m)



Problem 2.30 [Difficulty: 4]

2.30 Comsider the fiow field ¥

>

axti + bi, where a =1/45~

and b = 1/3m/s. Coordinates are measured in meters. For the
particle that passes through the point (x, y)=(L, 2) at
the instant ¢ = (), plot the pathline during the time interval
from ¢ =0 to 3 5. Compare this pathline with the streakline
through the same point at the instant § =3 s,

Given:

Find:

Velocity field

Plot of pathline for t = 0 to 3 s for particle that started at point (1,2) at t = 0; compare to streakline through same

point at the instant t = 3

Solution:

Governing equations:

Assumption: 2D flow

For pathlines

So, separating variables

Integrating

The pathlines are

The pathlines are then

For pathlines U, = — vV, = —=

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = x(t,xo,yo,to) and Yp(t) = y(t,xo,yo,to)

Xst(to) = X(t.x0.Yg-tp) ~ and Yst(to) = ¥(t-X0:Y0- o)

which gives the streakline at t, where X, Y is the point at which dye is released (t, is varied from 0 to t)

d 1 1 1 d
- & axt a== — p==212 v _Y_y
P qt 4 2 3 s Pt
d
X atdt dy = b-dt
X
X ) a(z 2)
Inf —'=—-{t -t — =b(t-t
(Xo) > 0 Y=Yo ( o)
a(z 2
_.t_to)
x:xo-e2 y:y0+b-(t—t0)
%’(tz‘toz)
Xp(t) =Xp€ yp(t) =Ygt b(t - to)

where X, Y is the position of the particle at t = t,. Re-interpreting the results as streaklines:

()
= (tt
5 0

XSt(tO) =Xp€ ySt(tO) =Ygt b(t - to)

where X, Yq is the point at which dye is released (t, is varied from 0 to t)
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Problem 2.31

[Difficulty: 4]

2.31 A flow is described by velocity field V = ay?i + by,
where a=1 m 's™' and h =2 m/s. Coordinates are mea-
sured in meters. Obtain the equation for the streamline
passing through point (6, ). At =1 s, what are the coor-
dinates of the particle that passed through point (1, 4) at
t= 07 Atr =335 what are the coordinates of the particle that
passed through point (—3,0) 2 s earlier? Show that pathlines,
streamlines, and streaklines for this flow coincide,

Given: 2D velocity field
Find: Streamlines passing through (6,6); Coordinates of particle starting at (1,4); that pathlines, streamlines and
streaklines coincide
Solution:
For streamlines v_&__b or ( a~y2 dy=| bdx
u dx 2 J
ay
a- 3
Integrating &y _ b-x+ ¢
3
For the streamline through point (6,6) c=60 and y3 =6-x + 180
. _ dx 2 2
For particle that passed through (1,4) att=0 u= d_ =ay ldx=x-xg= J a-y-dt  Weneed y(t)
t
dy
V:E:b ldy = b dt y=yg+bt=yg+2t
t 2.3)
b™t
Then X — Xg = J a-(yo + b~t)2 dt  x=xp+ a-{y02~t + b~y0-t2 3 )
0
. 2 4.3 _
Hence, with x5 =1 y5 =4 x=1+16t+81 + E-t At t=1s X =26.3-m
y=4+2t y=6-m

For particle that passed through (-3,0) att=1

J 1dy= | badt

t
X — Xg = Jr a~(y0 + b-t)2 dt
f

Hence, withxy=-3,yg=0atty=1

Evaluating att =3 X =3L7-m

This is a steady flow, so pathlines, streamlines and streaklines always coincide

y=yg+ b-(t—to)

2
b
X =Xq+ a y02~(t - to) + b-yo-(tz - toz) + ?-(t3 - toﬂ
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Problem 2.32 [Difficulty: 3]

2.32 Tiny hydrogen bubbles are being used as tracers to
visualize a flow. All the bubbles are generated at the origin

{x =0, y=0). The velocity field is unsteady and obeys the
equations:

uw=1m/s v=2m/s D=r<12s

w=1 v = =1m/s l=¢ =45

Plot the pathlines of bubbles that leave the origin atr=0, 1,
2,3, and 4 5. Mark the locations of these five bubbles at r=4
s Use a dashed line to indicate the position of a streakline at

t=4 5,
Solution The particle starting at t = 3 s follows the particle starting att =2 s;
The particle starting at t = 4 s doesn't move!

Pathlines: Startingatt=0 Startingatt=1s Startingatt=2s Streaklineatt=4s
t X y X y X y X y
0.00 0.00 | 0.00 2.00 | 2.00
0.20 0.20 | 0.40 1.80 | 1.60
0.40 0.40 | 0.80 1.60 | 1.20
0.60 0.60 | 1.20 1.40 | 0.80
0.80 0.80 | 1.60 1.20 | 0.40
1.00 1.00 | 2.00 0.00 | 0.00 1.00 | 0.00
1.20 1.20 | 2.40 0.20 | 0.40 0.80 | -0.40
1.40 1.40 | 2.80 0.40 | 0.80 0.60 | -0.80
1.60 1.60 | 3.20 0.60 | 1.20 0.40 | -1.20
1.80 1.80 | 3.60 0.80 | 1.60 0.20 | -1.60
2.00 2.00 | 4.00 1.00 | 2.00 0.00 | 0.00 0.00 | -2.00
2.20 2.00 | 3.80 1.00 | 1.80 0.00 | -0.20 0.00 | -1.80
2.40 2.00 | 3.60 1.00 | 1.60 0.00 | -0.40 0.00 | -1.60
2.60 2.00 | 3.40 1.00 | 1.40 0.00 | -0.60 0.00 | -1.40
2.80 2.00 | 3.20 1.00 | 1.20 0.00 | -0.80 0.00 | -1.20
3.00 2.00 | 3.00 1.00 | 1.00 0.00 | -1.00 0.00 | -1.00
3.20 2.00 | 2.80 1.00 | 0.80 0.00 | -1.20 0.00 | -0.80
3.40 2.00 | 2.60 1.00 | 0.60 0.00 | -1.40 0.00 | -0.60
3.60 2.00 | 240 1.00 | 0.40 0.00 | -1.60 0.00 | -0.40
3.80 2.00 | 2.20 1.00 | 0.20 0.00 | -1.80 0.00 | -0.20
4.00 2.00 | 2.00 1.00 | 0.00 0.00 | -2.00 0.00 | 0.00
Pathline and Streakline Plots
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